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For additional detail, see the companion paper, 
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and Algorithmic Graph Theory” on my website.



The Problem (Recap)

Input
• 𝑛-dimensional box: 𝐵!" ≝ 𝑥 ∈ ℝ" 𝑥 ! ≤ 1}
• 𝑚-dimensional simplex: Δ# ≝ 𝑦 ∈ ℝ$%# 𝑦 & = 1}

Output:
• An approximate solution to

min
'∈)!"

max
*∈+#

𝑓 𝑥, 𝑦 ≝ 𝑦,𝑨𝑥 + 𝑐,𝑥 − 𝑏,𝑦

Bounded vectors in ℝ!

Probability distributions 
on 𝑚 elements

Box-Simplex Game ℓ𝟏-ℓ$ Game



Key Motivating Questions (Recap)

Question #1
How can we design efficient methods for solving box-simplex games?

Question #2
How can we leverage box-simplex solvers to solve continuous and 

combinatorial optimization problems?



Talk Plan (This Week)

Part 1
Structure of 

box-simplex games

• Primal and dual problems
• Approximate solutions
• Discuss state-of-the-art runtimes

Part 2
Applications

Part 3
Algorithms

• Box-constrained ℓ$-regression
• Linear programming
• Maximum cardinality bipartite matching
• Undirected maximum flow

• ℓ$-Gradient Descent (constrained steepest descent)
• ℓ%-Mirror Descent (multiplicative weights)
• Mirror prox and primal dual regularizers

Friday
Interior Point 

Methods

• Box: 𝐵"! ≝ 𝑥 ∈ ℝ! 𝑥 " ≤ 1}
• Simplex: Δ# ≝ 𝑦 ∈ ℝ$%

# 𝑦 & = 1}
• min

'∈)!"
max
*∈+#

𝑓 𝑥, 𝑦 ≝ 𝑦,𝑨𝑥 + 𝑐,𝑥 − 𝑏,𝑦

As we have time.

ü
ü



Approximate Solutions (Recap)

Primal Problem
• min
<∈=!"

𝑓>?@ 𝑥 and 𝑓>?@ 𝑥 = max
A∈B#

𝑓 𝑥, 𝑦

• 𝑓>?@ 𝑥 = 𝑐C𝑥 + max
D∈[F]

𝑨𝑥 − 𝑏 D

Dual Problem
• max
A∈B#

𝑓>HI 𝑦 and 𝑓>HI 𝑦 = min
<∈=!"

𝑓 𝑥, 𝑦

• 𝑓>HI 𝑦 = −𝑏C𝑦 − 𝑨C𝑦 − 𝑏 %

Approximate Solutions
• 𝜖-approximate saddle-point 𝑥J , 𝑦J ∈ 𝐵$K×ΔF if 𝑓>?@ 𝑥J − 𝑓>HI 𝑦J ≤ 𝜖

• ⇔ 𝑓>?@ 𝑥J − min
<∈=!"

𝑓>?@ 𝑥 + maxA∈B# 𝑓>HI 𝑦 − 𝑓>DK 𝑦J ≤ 𝜖

• Box: 𝐵"! ≝ 𝑥 ∈ ℝ! 𝑥 " ≤ 1}
• Simplex: Δ# ≝ 𝑦 ∈ ℝ$%

# 𝑦 & = 1}
• min

'∈)!"
max
*∈+#

𝑓 𝑥, 𝑦 ≝ 𝑦,𝑨𝑥 + 𝑐,𝑥 − 𝑏,𝑦

Box-Simplex Solver Theorem
There is a method which solves box-simplex games 

to accuracy 𝜖 in time 8𝑂 nnz 𝑨 𝑨 LM,$/𝜖 .



Capacitated Graph
• 𝐺 = (𝑉, 𝐸, 𝑢)
• Capacities: 𝑢 ∈ ℝ$%-

Terminals
• Source 𝑠 ∈ 𝑉
• Sink 𝑡 ∈ 𝑉

Undirected Maximum Flow (Recap)

Goal
Compute (1 − 𝜖)-approximate flow, i.e. a

feasible  𝑠 → 𝑡 flow of value ≥ 1 − 𝜖 𝑂𝑃𝑇.
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𝒔 → 𝒕 Flow
flow in = flow out 
for all 𝑣 ∉ {𝑠, 𝑡}

Feasibility /Capacity Constraints
• Directed: 𝑓! ∈ 0, 𝑢!
• Undirected: 𝑓! ∈ [−𝑢! , 𝑢!]

Value of Flow
total flow leaving 𝑠 or 

entering 𝑡

Flow
𝑓 ∈ ℝ- where 𝑓. = amount

of flow on edge 𝑒

Slightly different than last time and specialized for what we will prove.
Theorem

There is an algorithm which can 
compute a (1 − 𝜖)-approximate 

maximum flow, in time �̂�( 𝐸 𝜖/&)



Linear Algebraic Formulation 

• Input: Capacitated graph 𝐺 = (𝑉, 𝐸, 𝑢) with 𝑢 ∈ ℝ`ab

• Flow: 𝑓 ∈ ℝb

• Imbalance: im 𝑓 ∈ ℝc with im 𝑓 d = ∑ d,e ∈b 𝑓{d,e} − ∑ e,d ∈b 𝑓{d,e}
• im 𝑓 = 𝑩C𝑓 for edge vertex incidence matrix 𝑩 ∈ ℝb×c

• 𝒔-𝒕 flow of value 𝒗: im 𝑓 = 𝜈 ⋅ 𝛿g,h with 𝛿g,h ≝ 1g − 1h
• 𝒇 ∈ ℝ𝑬 satisfies capacity constraints: |𝑓j| ≤ 𝑢j for all 𝑒 ∈ 𝐸

• For 𝑼 ≝ 𝐝𝐢𝐚𝐠 𝑢 this is the same as 𝑼k%𝑓 $ ≤ 1
• Linear algebraic formulation: max

l∈ℝ$|𝑩%lopq&,( ?Ir 𝑼)*l !t%
𝛼

Focus on undirected 
maximum flow but keep 𝐺
directed. This is done so for 
𝑓 ∈ ℝ- meaning of 𝑓. is clear.

𝑩(1,3),5 = v
1 𝑎 = 𝑐
−1 𝑏 = 𝑐
0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

for all (𝑎, 𝑏) ∈ 𝐸 and 𝑐 ∈ 𝑉



Equivalent Problem

Maximum Flow
• Input: 𝐺 = (𝑉, 𝐸, 𝑢) and 𝑠, 𝑡 ∈ 𝑉
• Problem: 𝛼∗ = max

"∈ℝ6|𝑩7"'()8,9 *+, 𝑼:;" <./
𝛼

• (𝟏 − 𝝐)-approximate: 𝑓0 ∈ ℝ1 with 𝑩2𝑓0 = 𝛼𝛿3,5, 
𝑼6/𝑓0 7 ≤ 1, and 𝛼 ≥ 1 − 𝜖 𝛼∗

Minimum Congestion Flow
• Input: 𝐺 = (𝑉, 𝐸, 𝑢) and demands 𝑑 ∈ ℝ8

• Problem: OPT 𝑑 ≝ min
"∈ℝ6|𝑩7"'9

𝑼6/𝑓 7

• (𝟏 + 𝝐)-approximate: 𝑓0 ∈ ℝ1 with 𝑩2𝑓 = 𝑑 and 
𝑼6/𝑓 7 ≤ (1 + 𝜖)OPT 𝑑

Demands: 𝑑 ∈ ℝ= where ∃𝑓 ∈ ℝ- with 𝑩,𝑓 = 𝑑.
For connected undirected graph equivalent to 𝑑 ⊥ 1

Congestion: 𝑼/&𝑓 "

Lemma: OPT 𝛿>,? = &
@∗

and given any (1 + 𝜖)-approximate minimum congestion flow 𝑓A for demands 𝛿>,? it is 

the case that &
𝑼%&C !

𝑓A is a &
&DA

-approximate maximum flow.

Proof:
• Let 𝑓∗ be a maximum flow. Then 𝐁, &

@∗
𝑓∗ = 𝛿>,? with 𝑈/& &

@∗
𝑓∗

"
≤ &

@∗
and therefore OPT 𝛿>,? ≤ &

@∗

• Note that 𝑩, &
𝑼%&C' !

𝑓A = &
𝑼%&C' !

≥ &

&DA FGH I(,*
≥ @∗

&DA

Since 𝟏
𝟏D𝝐

≈ 𝟏 − 𝝐 if suffices to solve minimum congestion flow!



Almost Equivalent Problem

Minimum Congestion Flow
• Input: 𝐺 = (𝑉, 𝐸, 𝑢) and demands 𝑑 ∈ ℝ8

• Problem: OPT 𝑑 ≝ min
"∈ℝ6|𝑩7"'9

𝑼6/𝑓 7

• (𝟏 + 𝝐)-approximate: 𝑓0 ∈ ℝ1 with 𝑩2𝑓 = 𝑑
and 𝑼6/𝑓 7 ≤ (1 + 𝜖)OPT 𝑑

Flow Feasibility
• Input: 𝐺 = (𝑉, 𝐸, 𝑢) and demands 𝑑 ∈ ℝ8

• Promise: ∃𝑓 ∈ ℝ1 with 𝑩2𝑓 = 𝑑 and 𝑼6/𝑓 7 ≤ 1
• Output: 𝑓 ∈ ℝ1 with 𝑩2𝑓 = 𝑑 and 𝑼6/𝑓 7 ≤ 1 + 𝜖

Reduction
• Solving flow feasibility for 𝑑 ≔ /

:;<(9)
𝑑 suffices

• Can find a good enough scaling of 𝑑 by binary search
• Result: suffices to solve 𝑂(log 𝜖6/) flow feasibility problems for 𝜖 ≔ 0

?



Approach?

Minimum Congestion Flow
• Input: 𝐺 = (𝑉, 𝐸, 𝑢) and demands 𝑑 ∈ ℝ8

• Problem: OPT 𝑑 ≝ min
"∈ℝ6|𝑩7"'9

𝑼6/𝑓 7

• (𝟏 + 𝝐)-approximate: 𝑓0 ∈ ℝ1 with 𝑩2𝑓 = 𝑑
and 𝑼6/𝑓 7 ≤ (1 + 𝜖)OPT 𝑑

Flow Feasibility
• Input: 𝐺 = (𝑉, 𝐸, 𝑢) and demands 𝑑 ∈ ℝ8

• Promise: ∃𝑓 ∈ ℝ1 with 𝑩2𝑓 = 𝑑 and 𝑼6/𝑓 7 ≤ 1
• Output: 𝑓 ∈ ℝ1 with 𝑩2𝑓 = 𝑑 and 𝑼6/𝑓 7 ≤ 1 + 𝜖

Idea
• Pick penalty function 𝑝 and solve  min

"∈ℝ6 | 𝑼:;" <./
𝑝(𝑩2𝑓 − 𝑑)

• Same as min
@∈A<6

𝑝(𝑩2𝑼𝑥 − 𝑑)

• What 𝑝 to pick? 
• Box-constrained ℓ" regression? 𝑝 𝑧 = 𝑧 "?

• Problems! How bound 𝑩,𝑼 "? How to handle approximation error?



Congestion Approximators

Congestion Approximator: 𝑹 ∈ ℝ,×. is an 𝛼-congestion approximator if 𝑹𝑑 / ≤
𝑂𝑃𝑇 𝑑 ≤ 𝛼 ⋅ 𝑹𝑑 / for all demands 𝑑 ∈ ℝ..

Theorem [P16]: there is an algorithm which given any capacitated undirected 𝐺 = (𝑉, 𝐸, 𝑢)
in 3𝑂( 𝐸 ) computes an 3𝑂(1)-congestion approximator with 𝑘 = 𝑂( 𝑉 ), each column of 𝑹
being 3𝑂(1) sparse and 𝛼𝑹𝑩0𝑼 / = 3𝑂(1).

• Find a penalty function better capturing problem
• Part of broader theory involving preconditioning



Approach

Congestion Approximator: 𝑹 ∈ ℝB×8 is an 𝛼-congestion approximator if 𝑹𝑑 7 ≤ 𝑂𝑃𝑇 𝑑 ≤ 𝛼 ⋅
𝑹𝑑 7 for all demands 𝑑 ∈ ℝ8.

Theorem [P16]: there is an algorithm which given any capacitated undirected 𝐺 = (𝑉, 𝐸, 𝑢) in 
]𝑂( 𝐸 ) computes an ]𝑂(1)-congestion approximator with 𝑘 = 𝑂( 𝑉 ), each column of 𝑅 being ]𝑂(1)
sparse and 𝛼𝑹𝐵2𝑼 7 = 1 in time ]𝑂( 𝐸 ).

Approach [S13,S17]: solve 
min

𝑼:;" <./
𝛼𝑹(𝑩D𝑓 − 𝑑) 7 = min

@ <./
𝛼𝑹(𝑩D𝑼𝑥 − 𝑑) 7

• Value of minimizer is 0 and consequently, can obtain 𝜖 function error in ]𝑂( 𝐸 𝜖6/) time using 
box-constrained regression algorithm!

• ⇒ obtain 𝑓 with 𝑼6/𝑓 7 ≤ 1 and 𝑂𝑃𝑇 𝑩2𝑓 − 𝑑 ≤ 𝜖 in time ]𝑂( 𝐸 𝜖6/)
• If find any 𝑓′ with 𝑼6/𝑓′ 7 ≤ 2𝜖 and 𝑩2𝑓E = 𝑩2𝑓 − 𝑑 then obtain 1 + 2𝜖 approximation.

Recurse until residual 
demand is so small can 

solve naively!

Can choose parameters so 
bottleneck is the first solve 

up to an additive term.

Yields �̂�(|𝐸|𝜖/&)
maximum flow!
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Methods

• Box: 𝐵"! ≝ 𝑥 ∈ ℝ! 𝑥 " ≤ 1}
• Simplex: Δ# ≝ 𝑦 ∈ ℝ$%

# 𝑦 & = 1}
• min

'∈)!"
max
*∈+#

𝑓 𝑥, 𝑦 ≝ 𝑦,𝑨𝑥 + 𝑐,𝑥 − 𝑏,𝑦

As we have time.

ü
ü



Approximate Solutions (Recap)

Primal Problem
• min
<∈=!"

𝑓>?@ 𝑥 = max
A∈B#

𝑓 𝑥, 𝑦

• 𝑓>?@ 𝑥 = 𝑐C𝑥 + max
D∈[F]

𝑨𝑥 − 𝑏 D

Dual Problem
• max
<∈=!"

𝑓>HI 𝑦 = min
A∈B#

𝑓 𝑥, 𝑦

• 𝑓>HI 𝑦 = −𝑏C𝑦 − 𝑨C𝑦 − 𝑏 %

Approximate Solutions
• 𝜖-approximate saddle-point 𝑥J , 𝑦J ∈ 𝐵$K×ΔF if 𝑓>?@ 𝑥J − 𝑓>HI 𝑦J ≤ 𝜖
• ⇔ 𝑓>?@ 𝑥J − min

<∈=!"
𝑓>?@ 𝑥 + maxA∈B# 𝑓>HI 𝑦 − 𝑓>DK 𝑦J ≤ 𝜖

• Box: 𝐵"! ≝ 𝑥 ∈ ℝ! 𝑥 " ≤ 1}
• Simplex: Δ# ≝ 𝑦 ∈ ℝ$%

# 𝑦 & = 1}
• min

'∈)!"
max
*∈+#

𝑓 𝑥, 𝑦 ≝ 𝑦,𝑨𝑥 + 𝑐,𝑥 − 𝑏,𝑦

Box-Simplex Solver Theorem
There is a method which solves box-simplex games 

to accuracy 𝜖 in time 8𝑂 nnz 𝑨 𝑨 LM,$𝜖k% .



Warmup Algorithms

Primal Problem
• min
'∈)!"

𝑓efg 𝑥 = max
*∈+#

𝑓 𝑥, 𝑦

• 𝑓efg 𝑥 = 𝑐,𝑥 + max
h∈[#]

𝑨𝑥 − 𝑏 h

ℓ!-Gradient Descent
• ~𝜖kl iteration method

Dual Problem
• max
'∈)!"

𝑓emn 𝑦 = min
*∈+#

𝑓 𝑥, 𝑦

• 𝑓emn 𝑦 = −𝑏,𝑦 − 𝑨,𝑦 − 𝑏 &

Mirror Descent in ℓ&
• ~𝜖kl iteration method

• Box: 𝐵"! ≝ 𝑥 ∈ ℝ! 𝑥 " ≤ 1}
• Simplex: Δ# ≝ 𝑥 ∈ ℝ$%

# 𝑥 & = 1}
• min

'∈)!"
max
*∈+#

𝑓 𝑥, 𝑦 ≝ 𝑦,𝑨𝑥 + 𝑐,𝑥 − 𝑏,𝑦

Norm Duality
For any norm ‖ ⋅ ‖: ℝ! → ℝ the dual ‖ ⋅ ‖∗ is 
defined for all 𝑥 ∈ ℝ! as 𝑥 ∗ = max

* L&
𝑦,𝑥.

Dual Norm Facts
• ‖ ⋅ ‖& is the dual norm for ‖ ⋅ ‖" and ‖ ⋅ ‖" is the dual norm for ‖ ⋅ ‖&.
• For any norm ⋅ ∶ ℝ! → ℝ its dual norm ‖ ⋅ ‖∗ is a norm
• |𝑥,𝑦| ≤ 𝑥 ⋅ 𝑦 ∗ for al 𝑥, 𝑦 ∈ ℝ!



Gradient Descent

Basic Method
• For differentiable 𝑓:ℝF → ℝ iterate 

𝑥BG/ = 𝑥B − 𝜂B∇𝑓(𝑥B)

Smoothness
• 𝑓 is 𝐿-smooth if for all 𝑥, 𝑦 ∈ ℝF

∇𝑓 𝑥 − ∇𝑓 𝑦 ? ≤ 𝐿 ⋅ 𝑥 − 𝑦 ?

Lemma: for convex, 𝐿-smooth 𝑓, and 𝜂 = /
H

𝑓 𝑥B − inf
@
𝑓 𝑥 = 𝑂

𝐿 𝑥I − 𝑥∗ ?
?

𝑘

Geometric Motivation
• For 𝐿-smooth 𝑓:ℝF → ℝ and all 𝑥, 𝑦 ∈ ℝF

𝑓 𝑦 ≤ 𝑈@ 𝑦 ≝ 𝑓 𝑥 + ∇𝑓 𝑥 2 𝑦 − 𝑥 +
𝐿
2 𝑦 − 𝑥 ?

?

• Gradient descent derivation
𝑥B − 𝜂B∇𝑓 𝑥B = argmin@∈ℝM𝑈@N(𝑥)

Obstacle Towards Applying to Primal Problem
• Problem is non-smooth (its non-differentiable)
• Problem is constrained
• 𝑥I − 𝑥∗ ?

? can be Ω(𝑛)

Primal Problem
• Box: 𝐵"! ≝ 𝑥 ∈ ℝ! 𝑥 " ≤ 1}
• min

'∈)!"
𝑓OPQ 𝑥 = 𝑐,𝑥 + max

R∈[#]
𝑨𝑥 − 𝑏 R



Overcoming Obstacles

Problem is non-smooth
• Smooth it!
• smax5 𝑥 ≝ 𝑡 ⋅ ln ∑J exp(𝑥J/𝑡)
• �𝑓K*L,5 𝑥 = 𝑐2𝑥 + smax5(𝑨𝑥 − 𝑏)

Problem is constrained
• Incorporate the constraints!
• 𝑥BG/ = argmin@∈A<M𝑈@N 𝑥

• 𝑈@N 𝑦 ≝ 𝑓 𝑥 + ∇𝑓 𝑥 2 𝑦 − 𝑥 + H
?
𝑦 − 𝑥 ?

?

ℓ𝟐 versus ℓ7 ( 𝒙𝟎 − 𝒙∗ 𝟐
𝟐 can be 𝜴(𝒏))

• Work in ℓ7!

• 𝑥BG/ = argmin@∈A<M𝑈@N
7 𝑥

• 𝑈@N 𝑦 ≝ 𝑓 𝑥 + ∇𝑓 𝑥 2 𝑦 − 𝑥 + H
? 𝑦 − 𝑥 7

?

Def: 𝑓: 𝜒 → ℝ is 𝐿-smooth with respect to ‖ ⋅ ‖⇔
∇𝑓 𝑥 − ∇𝑓 𝑦 ∗ ≤ 𝐿 ⋅ 𝑥 − 𝑦 for all 𝑥, 𝑦 ∈ 𝜒

Lem: 𝑓: 𝜒 → ℝ is convex and 𝐿-smooth with respect 
to ‖ ⋅ ‖⇔ for all 𝑥, 𝑦 ∈ 𝜒
0 ≤ 𝑓 𝑦 − 𝑓 𝑥 + ∇𝑓 𝑥 2 𝑦 − 𝑥 ≤

𝐿
2 𝑦 − 𝑥 ?

?

How to handle that problem is non-smooth 

Lem: twice differentiable 𝑓: 𝜒 → ℝ is convex and 𝐿-smooth 
with respect to ‖ ⋅ ‖ ⇔ for all 𝑥, 𝑧 ∈ 𝜒

0 ≤ 𝑧,𝛻𝑓 𝑥 𝑧 ≤
𝐿
2
𝑧 U

Helpful for analyzing algorithm. 

Helpful for analyzing 𝑓.

Primal Problem
• Box: 𝐵"! ≝ 𝑥 ∈ ℝ! 𝑥 " ≤ 1}
• min

'∈)!"
𝑓OPQ 𝑥 = 𝑐,𝑥 + max

R∈[#]
𝑨𝑥 − 𝑏 R



Smoothed Primal
Lemma: smax+: ℝ, → ℝ for all 𝑥 ∈ ℝ, is
• convex 
• 𝑡-. smooth with respect to ‖ ⋅ ‖/
• 0 ≤ smax+ 𝑥 − max

0∈ ,
𝑥0 ≤ 𝑡 ln 𝑛

• ∇smax+ 𝑥 0 =
234(6"/+)

∑"∈[%] 234(6"/+)

Corollary: 5𝑓:;3,+ for all 𝑥 ∈ 𝐵/, is
• Convex
• 𝑨 /

< 𝑡-.-smooth 

• 0 ≤ 5𝑓:;3,+ 𝑥 − 𝑓:;3(𝑥) ≤ 𝑡 ln 𝑛
• Gradient of 5𝑓:;3,+ computable in 𝑂(nnz 𝑨 )

Proof let 𝑒0 = exp(𝑥0/𝑡) and 𝑔0 = 𝑒0/ 𝑒 .

• max
0∈[,]

𝑒0 ≤ ∑0∈ , 𝑒0 ≤ 𝑛 ⋅ max
0∈[,]

𝑒0

• ?
?6"

smax+ 𝑥 = @"
@ '

• ?(

?6"?6)
smax+ 𝑥 = .

+
."*)@"
@ '

−
@"@)
@ '

(

• ∇smax+ 𝑥 = 𝑔 and  ∇<smax+ 𝑥 = .
+
𝐺 − 𝑔𝑔A

where 𝑮 = 𝐝𝐢𝐚𝐠(𝑔).

• 𝑔A𝑧 < = ∑0∈ , 𝑔0 ∑0∈ , 𝑔0 𝑧0
<

• 𝑔A𝑧 < ≤ ∑0∈ , 𝑔0 ∑0∈ , 𝑔0𝑧0
< = 𝑧A𝑮𝑧

• 𝑧A𝑮𝑧 = ∑0∈ , 𝑔0𝑧0
< ≤ 𝑔 . 𝑧 /

<

• ∇ 5𝑓:;3,+(𝑥) = 𝑐 + 𝑨A∇smax+(𝑨𝑥 − 𝑏)

• ∇< 5𝑓:;3,+(𝑥) = 𝑨A∇<smax+ 𝑨𝑥 − 𝑏 𝑨

Primal Problem
• Box: 𝐵"! ≝ 𝑥 ∈ ℝ! 𝑥 " ≤ 1}
• min

'∈)!"
𝑓OPQ 𝑥 = 𝑐,𝑥 + max

R∈[#]
𝑨𝑥 − 𝑏 R

• smax? 𝑥 ≝ 𝑡 ⋅ ln ∑R exp(𝑥R/𝑡)
• �𝑓OPQ,? 𝑥 = 𝑐,𝑥 + smax?(𝑨𝑥 − 𝑏)



Constrained ℓ!-Gradient Descent
Setup
• 𝑓: 𝜒 → ℝ for closed, convex 𝜒 ⊆ ℝ!

• 𝑓 is convex and
• 𝑓 is 𝐿-smooth with respect to ‖ ⋅ ‖

Method

• 𝑈'+ 𝑥 ≝ 𝑓 𝑥V + ∇𝑓 𝑥V , 𝑥 − 𝑥V + W
U
𝑥 − 𝑥V U

• 𝑥VD& = argmin'∈X𝑈'+ 𝑥 for arbitrary 𝑥% ∈ 𝜒

Analysis
• 𝑓 𝑥VD& ≤ 𝑈'+(𝑥VD&) [smoothness]
• 𝑈'+ 𝑥VD& = min

'∈X
𝑈'+(𝑥) [algorithm]

• 𝑓 𝑥 ≥ 𝑓 𝑥V + ∇𝑓 𝑥V , 𝑥 − 𝑥V [convexity]

• 𝑓 𝑥VD& ≤ min
'∈X

𝑓 𝑥 + W
U
𝑥 − 𝑥B <

Proximal Point Progres Lemma

• closed, convex 𝜒, convex 𝑓: 𝜒 → ℝ, and norm ‖ ⋅ ‖

• 𝑔 𝑥 ≝ 𝑓 𝑥 + W
U
𝑥 − 𝑥% U for all 𝑥 ∈ 𝜒 and some 𝑥% ∈ 𝜒

• 𝑥∗ ∈ argmin'∈X𝑓(𝑥), Δ ≝ 𝑓 𝑥% − 𝑓(𝑥∗), 𝐷 = ‖𝑥% − 𝑥∗‖

⇒ min'∈X𝑔 𝑥 ≤ 𝑓 𝑥% − +
U
⋅ min 1 , +

WY,

Proof: Let 𝑥? = 1 − 𝑡 ⋅ 𝑥% + 𝑡 ⋅ 𝑥∗ for all 𝑡 ∈ [0,1]
• 𝑥? − 𝑥% = 𝑡 ⋅ 𝑥∗ − 𝑥% = 𝑡𝐷
• 𝑓 𝑥? ≤ 1 − 𝑡 ⋅ 𝑓 𝑥% + 𝑡 ⋅ 𝑓 𝑥∗ = 𝑓 𝑥% − 𝑡Δ

• 𝑔 𝑥? = 𝑓 𝑥? + W
U
𝑥? − 𝑥% U ≤ 𝑓 𝑥% − 𝑡Δ + W

U
𝑡U𝐷U

• If 𝑡∗ =
+
WY,

∈ 0,1 then 𝑔 𝑥?∗ ≤ 𝑓 𝑥% − +,

UWY,

• Otherwise 𝑡∗ > 1, Δ > 𝐿𝐷U, and 𝑔 𝑥& ≤ 𝑓 𝑥% − +
U

Steepest Descent

Proximal Point Method

𝑥VD& ∈ argmin
'∈X

𝑓 𝑥 +
𝐿
2
𝑥 − 𝑥V U



Constrained ℓ!-Gradient Descent
Setup
• 𝑓: 𝜒 → ℝ for closed, convex 𝜒 ⊆ ℝ!

• 𝑓 is convex and
• 𝑓 is 𝐿-smooth with respect to ‖ ⋅ ‖

Method

• 𝑈'+ 𝑥 ≝ 𝑓 𝑥V + ∇𝑓 𝑥V , 𝑥 − 𝑥V + W
U
𝑥 − 𝑥V U

• 𝑥VD& = argmin'∈X𝑈'+ 𝑥 for arbitrary 𝑥% ∈ 𝜒

Analysis

• 𝑓 𝑥VD& ≤ min
'∈X

𝑓 𝑥 + W
U
𝑥 − 𝑥V "

U

• ΔV = 𝑓 𝑥V − inf
'∈X

𝑓(𝑥) , 𝐷 = max
',*∈X

‖𝑥 − 𝑦‖

• 𝑓 𝑥VD& ≤ 𝑓 𝑥B − C+
< ⋅ min 1 , C+DE(

Theorem

• ΔV ≤
WY,

VD&
for all 𝑘 ≥ 1

Proof:

• ΔV decreases monotonically

• 𝑓 𝑥VD& ≤ 𝑓 𝑥∗ + W
U
𝑥∗ − 𝑥V "

U so ΔV ≤
W
U
𝐷U for all 𝑘 ≥ 1

• For all 𝑘 ≥ 1
&
++
− &

++-&
= ++-&/++

++++-&
≤ − &

U++-&
min 1, ++

WY,
≤ /&

UWY,

• Summing and using that Δ& ≤
W
U
𝐷U yields

&
+&
− &

++-&
≤ − V

UWY,
and &

++-&
≥ VDZ

UWY,

Steepest Descent

Note: depends on the norm. improvability



A Primal 𝝐"𝟐 algorithm
Recall (Structure)
• �𝑓K*L,5 is convex and 𝑨 7

? 𝑡6/-smooth 

• 0 ≤ �𝑓K*L,5 𝑥 − 𝑓K*L(𝑥) ≤ 𝑡 ln 𝑛
• Gradient of �𝑓K*L,5 computable in 𝑂(nnz 𝑨 )

Recall (Algorithm)

• 𝑈@N 𝑥 ≝ 𝑓 𝑥B + ∇𝑓 𝑥B 2 𝑥 − 𝑥B + H
?
𝑥 − 𝑥B ?

• 𝑥BG/ = argmin@∈O𝑈@N 𝑥 for 𝑥I ∈ 𝜒
• ΔB = 𝑓 𝑥B − inf

@∈O
𝑓(𝑥) , 𝐷 = max

@,P∈O
‖𝑥 − 𝑦‖

• ΔB ≤
HQ[

BG/
for all 𝑘 ≥ 1

Analysis ]𝑂(nnz 𝑨 𝑨 RS,7
? 𝜖6?)

• Pick 𝑡 = 0
? TUV F

• �𝑓K*L,5 𝑥B − min
@∈A<M

�𝑓K*L,5 𝑥 ≤ W TUV F 𝑨 <
[

0B

• Pick 𝑘 = ⌈Y TUV F 𝑨 <
[

0[ ⌉

• 𝑓K*L 𝑥B ≤ 𝑓K*L 𝑥∗ + 𝑡 log 𝑛 + 0
? ≤ 𝑓K*L 𝑥∗ + 𝜖

• Algorithm implementation? 
• Can implement each step in ]𝑂(nnz 𝑨 )

Primal Problem
• Box: 𝐵"! ≝ 𝑥 ∈ ℝ! 𝑥 " ≤ 1}
• min

'∈)!"
𝑓OPQ 𝑥 = 𝑐,𝑥 + max

R∈[#]
𝑨𝑥 − 𝑏 R

• smax? 𝑥 ≝ 𝑡 ⋅ ln ∑R exp(𝑥R/𝑡)
• �𝑓OPQ,? 𝑥 = 𝑐,𝑥 + smax?(𝑨𝑥 − 𝑏)



Warmup Algorithms

Primal Problem
• min
'∈)!"

𝑓efg 𝑥

• 𝑓efg 𝑥 = max
*∈+#

𝑓 𝑥, 𝑦

• 𝑓efg 𝑥 = 𝑐,𝑥 + max
h∈[#]

𝑨𝑥 − 𝑏 h

ℓ!-Gradient Descent
• ~𝜖kl iteration method

Dual Problem
• max
*∈+#

𝑓emn 𝑦

• 𝑓emn 𝑦 = min
'∈)!"

𝑓 𝑥, 𝑦

• 𝑓emn 𝑦 = −𝑏,𝑦 − 𝑨,𝑦 − 𝑏 &

Mirror Descent in ℓ&
• ~𝜖kl iteration method

• Box: 𝐵"! ≝ 𝑥 ∈ ℝ! 𝑥 " ≤ 1}
• Simplex: Δ# ≝ 𝑥 ∈ ℝ$%

# 𝑥 & = 1}
• min

'∈)!"
max
*∈+#

𝑓 𝑥, 𝑦 ≝ 𝑦,𝑨𝑥 + 𝑐,𝑥 − 𝑏,𝑦

ü



Subgradient Descent

Subgradient: 𝑔 is a subgradient of 𝑓: 𝜒 → ℝ at 𝑥 ∈ 𝜒
if 𝑓 𝑦 ≥ 𝑓 𝑥 + 𝑔2(𝑦 − 𝑥).

Subgradient Descent
• 𝑥5G/ = 𝑥5 − 𝜂5𝑔5 for 𝑔5 ∈ 𝜕𝑓KZ+(𝑥5)

• Output �̅�D =
/
D
∑5∈ D 𝑥5

• 𝑔5 ? ≤ 𝐺 for all 𝑡 (same as convex, 𝐺-Lipschitz)
• Can show that there is a choice of 𝜂5 so that 
𝑓 �̅�D − inf

@∈O
𝑓 𝑥 ≤ 𝑂 [ @\6@∗ [

5

Lemma: 𝑔P ≝ 𝑏 + 𝑨sign 𝐀2𝑦 − 𝑏 ∈ 𝜕[−𝑓KZ+] (𝑦).

Dual Problem?

• 𝑔P ? could as large as 𝑚

• Idea: 
• 𝑔P 7 ≤ 𝑏 7 + 𝑨sign 𝐀2𝑦 − 𝑏 7

• 𝑔P 7 ≤ 𝑏 7 + 𝑨 7

(𝑓KZ+ is convex and 𝑏 7 + 𝑨 7-Lipschitz in ℓ7)

Dual Problem
• Simplex: Δ# ≝ 𝑥 ∈ ℝ$%

# 𝑥 & = 1}
• min

]∈+#
−𝑓O^_ 𝑦 = 𝑏,𝑦 + 𝑨,𝑦 − 𝑏 &

Part of broader theory



Mirror Descent

Divergence
• 𝑟: 𝜒 → ℝ convex and differentiable
• 𝑉@\ 𝑦 ≝ 𝑟 𝑦 − 𝑟 𝑥 + ∇𝑟 𝑥 2(𝑦 − 𝑥)

Proximal Step

• prox@\ 𝑔 ∈ argminP∈O𝑔2𝑦 + 𝑉@\(𝑦)

Strong Convexity
• Differentiable 𝑟 is 𝜇-strongly convex with respect to 
‖ ⋅ ‖ if for all 𝑥, 𝑦 ∈ 𝜒
𝑟 𝑦 ≥ 𝑟 𝑥 + ∇𝑟 𝑥 2 𝑦 − 𝑥 +

𝜇
2 𝑦 − 𝑥 ?

Mirror Descent If 𝑟 is 1-strongly convex with respect to 
‖ ⋅ ‖ and 𝑥+F. = prox6,

G (𝑔+) for all 𝑡 ∈ [𝑇]. Then, ∀𝑢 ∈ 𝜒

∑+∈[H]𝑔+A(𝑥+ − 𝑢) ≤ 𝑉6'
G 𝑢 − 𝑉6-.' 𝑢 + .

<
∑+∈[H] 𝑔+ ∗

<

Proof:

• 𝑔+A 𝑥+F. − 𝑢 ≤ 𝑉6,
G 𝑢 − 𝑉6,

G 𝑥+F. − 𝑉6,.'
G 𝑢

• 𝑔+A 𝑥+F. − 𝑥+ − 𝑉6,
G 𝑥+F.

≤ 𝑔+ ∗ 𝑥+F. − 𝑥+ − .
<
𝑥+F. − 𝑥+ <

≤ .
<
𝑔+ ∗

<

• 𝑔+A 𝑥+ − 𝑢 ≤ 𝑉6,
G 𝑢 − 𝑉6,.'

G 𝑢 + .
<
𝑔+ ∗

<

Proximal Progress Lemma
For 𝑤 = prox`a(𝑔) and all 𝑢 ∈ 𝜒
𝑔, 𝑤 − 𝑢 ≤ 𝑉a 𝑢 − 𝑉a(𝑤) − 𝑉ba 𝑢

When 𝑟 is differentiable equivalent to formal definition of 𝑟 𝑡 ⋅ 𝑥 + 1 − 𝑡 ⋅ 𝑦 ≤ 𝑡 ⋅ 𝑟 𝑥 + 1 − 𝑡 ⋅ 𝑟 𝑦 − ./ 01/
2

𝑥 − 𝑦 2.



Mirror Descent

Divergence
• 𝑟: 𝜒 → ℝ convex and differentiable
• 𝑉@\ 𝑦 ≝ 𝑟 𝑦 − 𝑟 𝑥 + ∇𝑟 𝑥 2(𝑦 − 𝑥)

Proximal Step

• prox@\ 𝑔 ∈ argminP∈O𝑔2𝑦 + 𝑉@\(𝑦)

Strong Convexity
• Differentiable 𝑟 is 𝜇-strongly convex with respect to 
‖ ⋅ ‖ if for all 𝑥, 𝑦 ∈ 𝜒
𝑟 𝑦 ≥ 𝑟 𝑥 + ∇𝑟 𝑥 2 𝑦 − 𝑥 +

𝜇
2 𝑦 − 𝑥 ?

Mirror Descent If 𝑟 is 1-strongly convex with respect to ‖ ⋅ ‖ and 
𝑥/01 = prox2*

3 (𝑔/) for all 𝑡 ∈ [𝑇]. Then, ∀𝑢 ∈ 𝜒

∑/∈[4]𝑔/5(𝑥/ − 𝑢) ≤ 𝑉2&
3 𝑢 − 𝑉23-& 𝑢 + 1

6
∑/∈ 4 𝑔/ ∗

6 .

Corollary Let 𝑓: 𝜒 → ℝwith 𝑥∗ ∈ min2∈8
𝑓(𝑥)

• 𝑥/01 = prox2*
3 (−𝜂91𝑔/)where 𝑔/ ∈ 𝜕𝑓(𝑥/)

• 𝑉2&
3 𝑥∗ ≤ 𝐷, 𝑔/ ∗ ≤ 𝐺, and 𝜂 = 4:,

6;

⇒ 𝑓 �̅�4 − 𝑓 𝑥∗ ≤ 6:,;
4

for �̅�4 =
1
4
∑/∈ 4 𝑥/

Proof: 𝑓 𝑥/ ≥ 𝑓 𝑥∗ + 𝑔/5(𝑥/ − 𝑥∗)

• 𝜂91 ∑/∈[4] 𝑓 𝑥/ − 𝑓 𝑥∗ ≤ 𝐷 + 4:,

6<,

• 1
4
∑/∈[4] 𝑓 𝑥/ − 𝑓 𝑥∗ ≤ 2𝜂𝐷

Proximal Prgress Lemma
For 𝑤 = prox`a(𝑔) and all 𝑢 ∈ 𝜒
𝑔, 𝑤 − 𝑢 ≤ 𝑉a 𝑢 − 𝑉a(𝑤) − 𝑉ba 𝑢



A Dual 𝝐"𝟐 algorithm 
Entropy regularizer
• 𝑟]+^: Δ_ → ℝ defined as 𝑟]+^ 𝑦 = ∑J 𝑦J log 𝑦J
• 𝑟]+^ is 1-strongly convex with respect to ℓ/
• max
P∈`c

𝑟]+^(𝑦) − minP∈`c𝑟]+^ 𝑦 = 𝑂(log 𝑛)

Proximal Step

• proxP\ 𝑔 = Pd⋅]Lb 6cd
∑d∈[c] Pd⋅]Lb(6cd)

Theorem: there is is an algorithm which computes an 
𝜖-approximate dual solution in time 

𝑂(𝜖6? 𝑏 7 + 𝑨 7
? log 𝑛).

Mirror Descent If 𝑟 is 1-strongly convex with respect to ‖ ⋅ ‖
and 𝑥?D& = prox'*

a (𝑔?) for all 𝑡 ∈ [𝑇]. Then, ∀𝑢 ∈ 𝜒

∑?∈[e]𝑔?,(𝑥? − 𝑢) ≤ 𝑉'&
a 𝑢 − 𝑉'3-& 𝑢 + &

U
∑?∈ e 𝑔? ∗

U .

Corollary Let 𝑓: 𝜒 → ℝ with 𝑥∗ ∈ min'∈X
𝑓(𝑥)

• 𝑥?D& = prox'*
a (−𝜂/&𝑔?) where 𝑔? ∈ 𝜕𝑓(𝑥?D&)

• 𝑉'&
a 𝑥∗ ≤ 𝐷, 𝑔? ∗ ≤ 𝐺, and 𝜂 = ef,

UY

⇒ 𝑓 �̅�e − 𝑓 𝑥∗ ≤ Uf,Y
e

for �̅�e =
&
e
∑?∈ e 𝑥?

Lemma: 𝑔* ≝ 𝑏 + 𝑨sign 𝐀,𝑦 − 𝑏 ∈ 𝜕 −𝑓O^_ 𝑦 and 
𝑔* "

≤ 𝑏 " + 𝑨 "

Dual Problem
• Simplex: Δ# ≝ 𝑥 ∈ ℝ$%

# 𝑥 & = 1}
• min

]∈+#
−𝑓O^_ 𝑦 = 𝑏,𝑦 + 𝑨,𝑦 − 𝑏 &

Run algorithm with 𝑥& = argmin*∈+#𝑟g_h 𝑦 = &
#
1

Multiplicative weights



Warmup Algorithms

Primal Problem
• min
'∈)!"

𝑓efg 𝑥

• 𝑓efg 𝑥 = max
*∈+#

𝑓 𝑥, 𝑦

• 𝑓efg 𝑥 = 𝑐,𝑥 + max
h∈[#]

𝑨𝑥 − 𝑏 h

ℓ!-Gradient Descent
• ~𝜖kl iteration method

Dual Problem
• max
*∈+#

𝑓emn 𝑦

• 𝑓emn 𝑦 = min
'∈)!"

𝑓 𝑥, 𝑦

• 𝑓emn 𝑦 = −𝑏,𝑦 − 𝑨,𝑦 − 𝑏 &

Mirror Descent in ℓ&
• ~𝜖kl iteration method

• Box: 𝐵"! ≝ 𝑥 ∈ ℝ! 𝑥 " ≤ 1}
• Simplex: Δ# ≝ 𝑥 ∈ ℝ$%

# 𝑥 & = 1}
• min

'∈)!"
max
*∈+#

𝑓 𝑥, 𝑦 ≝ 𝑦,𝑨𝑥 + 𝑐,𝑥 − 𝑏,𝑦

ü ü
How to improve?

Primal dual method!



Primal Dual 

Notation

• 𝑧 ∈ 𝐵/,×ΔS with 𝑧 = (𝑧6 , 𝑧T)
• 𝑧6 ∈ 𝐵/, and 𝑧T ∈ ΔS

Approach

• 𝑔 𝑧 ≝ (∇6𝑓 𝑧 , −∇T𝑓 𝑧 )

• ∇6𝑓 𝑧 = 𝑨A𝑧T + 𝑐
• ∇T𝑓 𝑧 = 𝑨𝑧6 − 𝑏

Bound

• Suppose .
H
∑+∈[H]𝑔 𝑧+ A(𝑧+ − 𝑢) ≤ 𝜖

• For ̅𝑧 = .
H
∑+∈[H] 𝑧+ have gap ̅𝑧6 , ̅𝑧T ≤ 𝜖

Mirror Descent?
• Idea: apply to 𝑔(𝑧+)

Problem #1
• Want 𝜖-. rate
• Idea: mirror prox! smoothness!

Problem #2
• Strongly convex 𝑟 on 𝐵/,×ΔS with 
sup
U
𝑟 𝑧 − inf

U
𝑟 𝑧 bounded?

• Thm: any 𝑟 that is 1-strongly convex with respect to 
‖ ⋅ ‖7 has supe 𝑟 𝑧 − infe 𝑟 𝑧 = Ω(𝑛)

• Ideas:
• 𝑟 can have interaction between 𝐵7F and ΔF
• Closer analysis of relation between 𝑟 and 𝑔

• Box: 𝐵"! ≝ 𝑥 ∈ ℝ! 𝑥 " ≤ 1}
• Simplex: Δ# ≝ 𝑦 ∈ ℝ$%

# 𝑦 & = 1
• min

'∈)!"
max
*∈+#

𝑓 𝑥, 𝑦 ≝ 𝑦,𝑨𝑥 + 𝑐,𝑥 − 𝑏,𝑦

• gap 𝑥, 𝑦 = 𝑓OPQ 𝑥 − 𝑓O^_(𝑦)



Thank you
Questions?

Contact Info:
• email: sidford@stanford.edu
• website: www.aaronsidford.com

Aaron Sidford


