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Convex Optimization

Convex Programs

Definition
Given a convex set K ⊆ Rn and a convex f : K → R, a convex
program is the following optimization problem

infx∈Kf(x).

◦ unconstrained when K = Rn

◦ smooth when f is differentiable with a continuous derivative
◦ nonsmooth otherwise.
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Graphs

Undirected Graph

G = (V,E), E ⊆
(
V
2

)
u v

e = {u, v}

Directed Graph

G = (V,A), A ⊆ V × V

u v
a = (u, v)

Node-Arc-Incidence Matrix B ∈ {−1, 0, 1}|V |×|A|

Bv,a =


−1 if a = (v, u)

1 if a = (u, v)

0 otherwise

W.l.o.g. all considered graphs are connected.
1TB = 0, rank(B) = |V | − 1

1TvBf =
∑

a=(u,v)

f(a)−
∑

a=(v,u)

f(a) = f(δin(v))− f(δout(v))

4



Graphs

Undirected Graph

G = (V,E), E ⊆
(
V
2

)
u v

e = {u, v}

Directed Graph

G = (V,A), A ⊆ V × V

u v
a = (u, v)

Node-Arc-Incidence Matrix B ∈ {−1, 0, 1}|V |×|A|

Bv,a =


−1 if a = (v, u)

1 if a = (u, v)

0 otherwise

W.l.o.g. all considered graphs are connected.
1TB = 0, rank(B) = |V | − 1

1TvBf =
∑

a=(u,v)

f(a)−
∑

a=(v,u)

f(a) = f(δin(v))− f(δout(v))

4



Graphs

Undirected Graph

G = (V,E), E ⊆
(
V
2

)
u v

e = {u, v}

Directed Graph

G = (V,A), A ⊆ V × V

u v
a = (u, v)

Node-Arc-Incidence Matrix B ∈ {−1, 0, 1}|V |×|A|

Bv,a =


−1 if a = (v, u)

1 if a = (u, v)

0 otherwise

W.l.o.g. all considered graphs are connected.

1TB = 0, rank(B) = |V | − 1

1TvBf =
∑

a=(u,v)

f(a)−
∑

a=(v,u)

f(a) = f(δin(v))− f(δout(v))

4



Graphs

Undirected Graph

G = (V,E), E ⊆
(
V
2

)
u v

e = {u, v}

Directed Graph

G = (V,A), A ⊆ V × V

u v
a = (u, v)

Node-Arc-Incidence Matrix B ∈ {−1, 0, 1}|V |×|A|

Bv,a =


−1 if a = (v, u)

1 if a = (u, v)

0 otherwise

W.l.o.g. all considered graphs are connected.
1TB = 0, rank(B) = |V | − 1

1TvBf =
∑

a=(u,v)

f(a)−
∑

a=(v,u)

f(a) = f(δin(v))− f(δout(v))

4



Graphs

Undirected Graph

G = (V,E), E ⊆
(
V
2

)
u v

e = {u, v}

Directed Graph

G = (V,A), A ⊆ V × V

u v
a = (u, v)

Node-Arc-Incidence Matrix B ∈ {−1, 0, 1}|V |×|A|

Bv,a =


−1 if a = (v, u)

1 if a = (u, v)

0 otherwise

W.l.o.g. all considered graphs are connected.
1TB = 0, rank(B) = |V | − 1

1TvBf =
∑

a=(u,v)

f(a)−
∑

a=(v,u)

f(a) = f(δin(v))− f(δout(v))

4



Electrical Flow Problem

s

u

v

t

r
1

r 2

r
3

r 4

r
5

Hamilton Principle: Minimize Energy 1Td = 0

min{fTRf : Bf = d}

L(f, p) :=
1

2
fTRf + pT (d−Bf)

0 = ∇fL

= Rf −BT p ⇒ R−1BT p = f ⇒ BR−1BT p = Bf = d

Lp = d
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Properties of a Laplacian L := BWBT

1.

Luv =


−w(e) for e = {u, v} ∈ E∑

e∈δ(v)w(e) for u = v

0 otherwise

2. LT = BWBT = L

3. L1 = BWBT1

= 0

4. pTLp

= pTBWBT p =
∑
{u,v}∈E

w(u, v) · (pv − pu)2 ≥ 0

5. L = UΛUT

, UTU = UUT = I, Λ = diag(λ1, . . . , λn),
0 = λ1 ≤ · · · ≤ λn
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Pseudo-Inverse

Moore-Penrose Inverse of a Laplacian

Let Lui = λui for i ∈ [n] with uTi uj = δij and λ1 ≤ · · · ≤ λn. The matrix

L+ :=
n∑
i=2

1

λi
uiu

T
i

satisfies the Moore-Penrose conditions:

1. LL+L = L

2. L+LL+ = L+

3. (LL+)
T

= LL+

4. (L+L)
T

= L+L

p̂ := L+d satisfies Lp = d:

Lp̂ =
n∑
i=2

1

λi
Luiu

T
i d =

n∑
i=2

uiu
T
i d =

(
I − 11T

)
d = d
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Simple Example: Path

s u v t
r1 r2 r3

Bf = 1t − 1s has the unique solution f̂ = 1 with objective value tr(R).
This is equivalent to contracting the path to a single edge with
resistance tr(R), which is called the effective resistance between s and t.
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Effective Resistance of Parallel Edges

s t

r1
r2
r3

rif̂i = p̂t − p̂s for all i ∈ [m]∑m
i=1 rif̂

2
i

=
∑m

i=1
(p̂t−p̂s)2

ri
= (p̂t − p̂s)2

∑m
i=1

1
ri

= (p̂t−p̂s)2
Reff (s,t)

This is equivalent to substituting the parallel edges by a single edge with
effective resistance Reff (s, t) where 1

Reff (s,t)
=
∑m

i=1
1
ri
.
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Effective Resistances

Reff (s, t) := min{fTRf : Bf = 1t − 1s}

= f̂TRf̂ =
∑
e∈E

ref̂
2
e

=p̂TBR−1RR−1BT p̂ = p̂TLp̂

=(1t − 1s)TL+LL+(1t − 1s) = (1t − 1s)TL+(1t − 1s)
=(1t − 1s)T p̂ = p̂t − p̂s

Reff is a distance

1. Reff (s, t) ≥ 0 3. Reff (s, t) = Reff (t, s)

2. Reff (s, t) = 0 ⇔ s = t 4. Reff (s, t) ≤ Reff (s, v) +Reff (v, t)
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Eigenvalue Bounds for the Electrical Energy

Let d ∈ Rn with 1Td = 0 and p̂ = L+d

||d||22
λn
≤ p̂TLp̂ ≤ ||d||

2
2

λ2
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Example: Unweighted Complete Graph

1

1

1 1

1

1

Laplacian

L = nI − 11T

has eigenvalues λ1 = 0, λ2 = · · · = λn = n

Energy dissipation of d is ||d||22/n
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Max-Flow
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Directed Graph G = (V,A), distinct s, t ∈ v, u ∈ Rm>0

Augment G by an arc (t, s) with infinite capacity to obtain Ĝ.

F := max{f̂(t, s) : B̂f̂ = 0, 0 ≤ f̂ ≤ û}

Can be solved by Interior Point Methods
using electrical flow as a subroutine.
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Undirected Max-Flow
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Undirected Graph G = (V,E), distinct s, t ∈ v, u ∈ Rm>0

F := max{f̂(t, s) : Bf+ −Bf− = f̂(t, s) · 1(s,t), 0 ≤ f+, f− ≤ u}

= max{f̂(t, s) : Bf = f̂(t, s) · 1(s,t), |fe/ue| ≤ 1∀e ∈ E}

F :

= max{f̂(t, s) : Bf = f̂(t, s) · 1(s,t), ||U−1f ||∞ ≤ 1}

Reciprocal problem: Congestion Minimization

1/F = min{||U−1f ||∞ : Bf = 1(s,t)}
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