



































































































































and computing electrical flows

approximation
Given an undirected graph G

w vertices V N n

edges E IE l M

edge weights KEIR
We pick arbitrary directions for each edge

0 The edge vertex incidence matrix is B E
te

with B ve z I for e u u for some a
e c for e u u for tone a

thelaplacianofGIL.tw
diag a ERE te

Ree re wie

R W






































































































































demand I EIR

B fed the net flow at node vet
is d u

Eet
agg

weFly
f EIRE

Voges ft REE WBT Ohm's law

LETA

I argon ELI AI
IER

I Lx ITE if W f Story duality

Furtherreading Lagrangeduality
Exercise






































































































































Graph structure from Laplacian eigenvalues cigarettesY

go Inequity graph decomposition

Embedding graphs into low dimensional space

I
Semi supervised learning

Solving all kinds of flow problems

Maxflow Mincost Now

especially when making high accuracy algorithm

CAVEAT Maybe not in thefuture

Mixed 2 p norm flows

flow ideas general convex optimization

a common pipeline

max flow mincut duality convex duality
matrix approximationby row sampling
accelerated convex optimization






































































































































solvinglarfagpiekqgftgh.im
nearly linear time

tomeet Kyny Sachdeva 2016 verysimple

Fambululpati Sidfard 2021 OCElpolyGGTEl

many other results parallel almost logspace

Beyond TCS
Scalar Elliptic Partial Differential Equations

Big topic in applied mathmathematics

Are Laplacian solverspractical

Heuristic solvers have been around for a long time
Incomplete Cholesky Factorization

Algebraic Multigrid

Making TCS spectral graph theory useful inpractice
An openproblem
Code Laplacians je by Dan Spielman

and others

A truly practical Laplacian solver

Ongoing effort

Future practical interiorpoint via Laplacian
solvers





































































	 	 	 	 	 	 	 	 	 	 	 	 











	 	 	 	 	 	 	 	 	 	 	 	 http://rasmuskyng.com/papers/LPto2CF.pdf




















































BEYONDFUF
symmetric m matrices

fast lowers Directed Laplacians general M matrices

Connection Laplacians

Green's functions Fast multipolemethods

20 Truss problems hard ingeneral

Mumdity.tw
linear equations as hand as

general linear equations

directed 2 commodity flow as
hard as general linearprogramming

Line
many interesting questions in

fine grained complexity






































































































































Graph Approximatas

How to say that Ge V Eg Wa

is approximately equal to H V E Mt
Cut Inequality

For
s

Tighe
need

Write G East if KS EV Wolslew s

Write of for the graph V Eo Cbs






































































































































Theorem CutSparsification Bencao Karger 96

Fiennes
we can compute It s t

1 e beat say tee G

IEat so ng
NE n

I El m

The algorithm is randomized

and succeeds with highprobability

and runs in time Olmlogin

NI we assume wale E 1 poly n

PItiffkarger's
Spose unweighted graph G has min at c

Then G has an'd cuts of sire I do

Find k connected components and sample

Union board






































































































































t.PT

hytL Loewner order

EnAIff4fthenbeatt
Pf I ER indicator set

i

a

We abbreviate as A G

Introduced by Spielman Teng 2004

Crucial for electrical flow algorithms

yields preconditioners






































































































































They Sedin Spielman Srivastava 2008

Giver G V E W for any o c Ea e

and ay 0 821

there exist sampling probabilities p E o if
such that if we for each edge e

we independently lot

E EE Icel ptgWlol w prob pie

eye Iles o o w

then w prob a t f

we have for E V E I that

and

I L spectralgraph approximation

181 046841






































































































































t h

ftp.n
Tropp 2010

symmetric random matric

Wood Exit On in
and independent

w Hill ER K K et
Let X Xi 6 A Vor x 4

ME Exill
Then

Pr Must Elna EEE

Emmet






































































































































sgjg.tt nasiiaeienties
on the diagonal and zero elsewhere

iif

diagonal

IDA my
IDC i i

1 11 114 1 may Ekiti ill






































































































































nftropp
2010

symmetric random matrices

Wong IEXi On in

and independent

w I kill ER K K et
Let X Xi 6 A Vor x A

I E Exill
Then

Pray t E Ina III

markoritgp.net
so is a random ninth

Then Pr x E E EE

aksprlxza.at








































































































































WynterHELP

exp

faylereept

exp z E le z z

her all Z E I

I

lain






































































































































First we need some factsi

A tr FCA is
increasigwrt.LI

langexplastztAeAnhorsym.Aennyi

LA y.la et

Meytogisthittamentrift
Theoremchify'mansthertsereyh






































































































































AveryDofferentspectrolsparsitiationApproach

Define wdegly Ew Yu

conductance of a cut in G

9014 unfruitful

96 Myer 96
s Conductance of G

L D A

N D K L D
K I D

Y
A D

Y

A N 20

charismatic
a o e Vitim

qExpand a graph w 96 q






































































































































Let It be a k factor cut sparsifier of G

Ear H E and

then It is a poly kg spectral sparsifier

emit
Reducing general graph problems

to problems on expanders

Nearly linear time algo by Spielmang Teng 04

Cleaner stronger result by Saranurek Wang 19

Defy Induced subgraph G V E VE V

GLU O En un






































































































































there roots a nerdoarsed algorithm that up
kids a partition of V at i

I
i i

Sit
Yi I o Id

Spectral Sparsiticatrar via Expander Peons Ed

therfrantoctor

Apply ED repeat on graph w edge set

Eat Y IE Vi Will
to get dewup into 041 8

partitions into expander






































































































































Use Bencao Karger cat spositiation

on each expander

Use return the union of our parties

proof Exercise




