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3.1 Representation of bounded polyhedra

Definition 3.1. The convex hull of a set of vectors x1,x2, . . . ,xk ∈ Rn is the set of all
convex combinations of these vectors:

CH(x1, . . . ,xk) =

{
k∑

i=1

λi x
i :

k∑
i=1

λi = 1 and λi ≥ 0

}
.

The convex hull of a set of vectors is indeed convex; in fact, it is not difficult to show
that it is the smallest convex set containing those vectors.

Theorem 3.2. Let P ⊆ Rn be a bounded non-empty polyhedron. Then

P = CH({x ∈ Rn : x is an extreme points of P}).

Corollary 3.3. Let P be a bounded non-empty polyhedron. Then the linear program

minimize c ·x

subject to x ∈ P

has an optimal solution in its set of extreme points for all c.

3.2 Fourier-Motzkin elimination

Definition 3.4. The projection of a vector x = (x1, . . . , xn) onto its first k coordinates
is defined as πk(x) = (x1, . . . , xk). The projection of S ⊆ Rn onto its first k coordinates
is πk(S) = {πk(x) : x ∈ S}.

Fourier-Motzkin’s algorithm is a procedure to transform a representation of a poly-
hedron P into a representation for πn−1(P ). We can obtain πk(P ) by applying the basic
procedure n− k times.

Let P = {x ∈ Rn : ai · x ≥ bi for i = 1, . . . ,m} be a polyhedron. First we note that
we can partition the constraints into three types: i) ain > 0, ii) ain < 0, and iii) ain = 0.
Let us use T1, T2, and T3 to refer to the indices of the three kinds of constraints. The
polyhedron P can then be written as

P =

x ∈ Rn :
xn ≥ di + fi · πn−1(x) i ∈ T1
xn ≤ di + fi · πn−1(x) i ∈ T2
0 ≤ di + fi · πn−1(x) i ∈ T3

 , (3.1)

for suitable vectors fi ∈ Rn−1 and scalars di where i = 1, . . . ,m.

Theorem 3.5. For the polyhedron P defined in (3.1) we have

πn−1(P ) =

{
y ∈ Rn−1 :

di + fi · y ≤ dj + fj · y i ∈ T1, j ∈ T2
0 ≤ di + fi · y i ∈ T3

}
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3.2.1 Some interesting consequences of the FM elimination

Theorem 3.6. Let P ⊆ Rn be a polyhedron and A ∈ Rm×n be a matrix. Then the set
{Ax : x ∈ P} is also a polyhedron.

Two useful corollaries of this theorem are the fact that if P is a polyhedron then so
is πk(P ), and that the convex hull of a finite set of vectors is a polyhedron.

Theorem 3.7 (Farkas’ lemma). Let A ∈ Rm×n be a matrix and b ∈ Rm be a vector.
Exactly one of the following alternatives holds

• There is an x ∈ Rn such that Ax ≥ b, or

• There is a y ∈ Rm such that y ≥ 0 and y′A = 0 and y · b > 0.
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