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1 Addendum to “cubic kernel” for Feedback Vertex Set

As shown by Stéphan Thomassé, the FEEDBACK VERTEX SET problem has a quadratic kernel [1].
(Thomassé gives the result as 4k? vertices; a careful analysis shows that in fact, the kernel also has total
size O(k?), i.e., with O(k?) edges.)

In the lecture, I tried to give a shorter, simpler proof of a weaker cubic bound (i.e., with O(k?)
vertices). Unfortunately, the sketch in the lecture is incomplete. After the set X is removed, in the last
part of the proof, it is claimed that because every edge occurs in a cycle, every component neighbouring
x must be connected to X. This is incorrect — every component neighbouring  must be connected to X
or to AU B. In particular, there is so far nothing in the kernel to prevent a large number of components
neighbouring only x and A.

Now, if C is a connected component in G \ (AU {z}), and connected to x with only a single edge,
while every v € A is connected to x via a double edge, then it can be shown that the edge from z to C
may be removed in G (because if it is part of a cycle, then the graph also contains a shorter cycle with
2 and some v € A). This would give an extra Reduction Rule, removing edges from z to components
whose only other neighbours are in A (i.e., double neighbours of z). The proof would then proceed as
in the lecture, with every resulting component neighbouring B or X, and with a new double edge as a
conclusion, giving a cubic kernel.

However, given that the problem already has a quadratic kernel (Thomassé [1]), the interest in
completely formalizing this cubic variant seems limited. If you're curious, I encourage you to read
Thomassé’s paper.

Note also that the termination of the reduction rules has to be argued — we now have rules that both
add and remove edges, without reducing n or k. But this is simple to show, as every rule either removes
a single edge or introduces a double edge.

Magnus Wahlstrom, June 2012
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