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Lecture 4: Cheeger’s Inequality

Lecturer: Thomas Sauerwald & He Sun

1 Statement of Cheeger’s Inequality

In this lecture we assume for simplicity that G is a d-regular graph. We shall work with the
normalized adjacency matrix M = 1 A. The goal of this class is to prove Cheeger’s inequality
which establishes an interesting connection between 1— Ay and the (normalized) edge expansion.

Definition 4.1 ((Normalized) Edge Expansion of a Regular Graph). The normalized edge
expansion of a d-reqular graph G is defined as:

[E(S,V\ 9)|
h(G) = —_
( siisivie dlS]
Theorem 4.2 ([Alo86, SJ89]). For any d-regular graph G = (V, E),
2
% < 1- /\2 < 2h’7

or equivalently,

2 Preparations

We start with a useful equality that will be applied later on.
Lemma 4.3.
Z Mu,v : (Iu - JJU)Q = 2:ETCC — QITMI
u,veV
Proof. Let us compute
Z Muvv ’ (fL'u - CL'U)2 = Z Muvv ’ (x’lQL + 'T12)) B 2 Z Mu,vxu-rv'
u,veV u,veV u,veV

For the first term:

Z Mu,v‘ (xi—i—x%) =2 Z Mu,v'fE%LZQZl%ZMu,U:QZ‘T‘T.

u,veV u,veV ueV veV
Further,
Z Z Mu,vxuxv = Z Ly - Z Mu,vxu = Z Ty * (MCL‘)u = l‘TMSC.
ueV veV ueV veV ueV
Therefore,

Z Mu,v ' (CUu - CEU)2 = 2:IIT.73 — 2.CCTMJZ
u,veV



Lecture 4: Cheeger’s Inequality 2

Lemma 4.4 (Courant-Fischer Formula for A\ and Ag). Let Ay =1 > Ao > --- = A\, be the n
etgenvalues of the normalized adjacency matric M = é - A. Then,

SUTMJ,‘ -TTMIL’
AL = MaX —g—, Ag = max —
70 T z#0 T'x
zll
Moreover,
2 2
1 — Ay = min Zupey Muo - (@u = 20)" min > (uorer (Tu — Tv)
o 20t 40 2d2Tx
rzll zll
Proof. We begin with the first statement. Let vy, ..., v, be an orthonormal basis of eigenvectors.

Let = be any non-zero vector and express = in terms of this basis of eigenvectors:

n
T = E ;4
=1

where «; = vZTx. It follows that

Similarly,
n T n n
2tr = (Z azvi> <Z a,vz> = Z o
i=1 i=1 i=1
Therefore,
T n 2
x Mz 3 ogA MYl of Al (1)
T - n 2 n 2 3
LT Zz:l Q; Zz—l %
S0,
T Mz
Al 2 max —g—.
x#£0 T X

Moreover, if x is an eigenvector with eigenvalue one, then 2TMz = 2%z and equation (1)
becomes an equality. Thus

zTMz
A1 = max T
z#0 T X

Consider now any vector x # 0 with z | 1. Then, ar; = 0 and therefore,

T no 2y, no 2

Mz D i QFA; < A2 D ilo 0 W

T - n 2 X n 2 )
r-T D iso D iso O



Lecture 4: Cheeger’s Inequality 3

and we have equality again if x is the eigenvector of A9, since then all a; = 0 except for ¢ = 2.
Therefore,

2 TMz
Ay = max —r
z#0 T X
xl1l

For the second statement, we know by Lemma 4.3 that

Tm - %ZU,UEV Mu,v ' (J"U - xv)Q

A9 = max
27 o xTx
xlv
2
. Zu,veV My, - (Tu — o)
=1—mi ,
270 22Tz
xlvy
which gives the second statement of the lemma. O

3 Proof of Cheeger’s Inequality

For the proof of Cheeger’s inequality, we introduce another related expansion parameter, the
so-called conductance:

E
B(G) e min BV
(Z)CSCV d|S| - |V\S|
Intuitively, the conductance measures how close a graph is to a random d-regular graph. The
reason is that for any set S, we have d|S| incident edges and the proportion of edges going to
VA S|is [V S|/[V].
Our next claim is that:
h(G) < ®(G) < 2h(Q).

The left inequality follows directly from the definition. For the right inequality, we first note

that
[E(S, V\9)|

scscv dmin{|S|, [V \ S|}

Further, XLPA5 > min{| 5], [V \ §]} - § and hence h(G) > 10(G).

h(G) =

Theorem 4.5. For any d-regular graph G = (V, E),

or equivalently,

(1—X)/2 < h < V201 — ).

Proof. Proof of 1 — Ay < 2h.
We will relate ®(G) to 2. We first formulate ®(G) as an integer minimization problem to
find out that Ao is essentially the relaxation of that problem.

. % Zuﬂjev d : Mu,’l) : |xu - xv|
min T
ze{0,1}7, ag{0m,17} d(d 0, ey Tu) (M — D ey Tu) - 5
. Zu,ve\/ My - (20 — xv)2
min
ze{0,1}7, 2g{0",17} 2(3° ey Tu) (0 — D ey Tu) -

B(G) =

S|
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We now rewrite the denominator using the following equality:

2<Z:pu> : (nZzu> =) wy =2 > Ty =20 an—2 Y muwy= Y (x4 —zy)%

ueV ueV ueV u,veV ueV u,veV u,veV
so that
> My - (4 — )2
. v Muw u v
o(G) = min Cs

ve{01}r, ag{om1n} L3y (T — 3y)?
. Zu,vev Mu,v ’ (.’Eu - xv)Q
min 1 2
zeR?, zg{0" 17} o Zu,vev(x“ — xv)
Zu,vev MU,U ’ (:Uu - l,v)2
min 1 2
zeR?, zg{0" 1"} x L1 P Zu,vev(xu — CCU)

. Zu,vev My - (20 — y)?
= min

zeRn, zg{om1n}z11 2xTx — 2 > uwey TuTy

2
. Zu,vEV My,p - (Tu — o)
= min T E xuxvzg :L'ug Ty =0
zeR", zg{0n,17},z11 2ctx
U,V u v

=1-)a.

(x~~z+a-1)

Proof of the other direction. Let x be the corresponding eigenvector to As. Assume
without loss of generality that at most n/2 entries of = are positive (otherwise we work with
—x). Define a vector y € R as

Yy = max{x,, 0}.

We now prove the following inequalities:

Ywwev Muo (Yu—yv)?
2yTy ’

2
2. Zu,vGV Mu,v : (yu - yv)2 = ﬁ : (Zu,yev Mu,v . ‘yg - y?)‘)

Claim 4.6. 1.1— X >

3. Zu,veV MU:U ’ |y12L - yg| > 2hyTy'

Assuming that the three inequalities in the above claim hold, we can finish the proof as
follows:

Claim 1 Zu,vEV Muﬂ; : (yu - yv)2

tmhe 2 2Ty
2 2 2
Clai>m 2 (Zu,yev Mu,v : ‘yu — Y ‘)
~ 8(yTy)?
Claim 3 9
> R2)2.

The proof of the first and second inequality of the claim are relatively straightforward and
can be found in the lecture notes. We only give the proof of the third one, which is the most
interesting one, as the edge expansion comes into play.
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The third inequality is the most technical one. Let V' = {1,...,n} and order the vertices so
that y1 > y2 > -+ > yn. Let t € {1,...,n} be the largest index such that y; > 0. Then,

t n
> Mue-lya—wi| =2> 0 > M- (47 —vj)

u,veV i=1 j=1i+1

2 MLk,

k=1i<k j>k

where the last equality holds since for every ¢ < j,

> M (= vir) = Miy - (7 —v5)

Now define for any k € N, Sy, := {1,...,k}. Then,
t

ZZZMJ yk+1 Z Z/k+1 } : ’E(Sk,V\Sk)‘.

d
k=1 i<k j>k k=1
Moreover, by definition of the expansion, we have
t 1 t
DW= vikan) 5 [BSL VNSO = D bk (07 = vis) (since t < n/2)
k=1 k=1
t
=h-Y k- (Y} — Y1)
k=1
t
=h-> v
k=1
= hy'y.

O]

The proof of the inequality 1 — Ay > h?/2 suggests the following algorithm for finding a
small cut.

1. Compute the eigenvector x corresponding to the largest eigenvalue Ay
2. Order the vertices so that x1 > 29 > --- > 2,

3. Try all cuts of the form ({1,2,...,k},{k+ 1,...,n}) and return the smallest one

By the proof of Cheeger’s inequality (Theorem 4.2), it follows that the cut returned by above
algorithm is at most /2 — 2)\o.

4 Example

We apply our algorithm to the following graph:

OO OO = = O
SO OO O = O
OO OO - O = =
O OO OO
— = =0 OO~ O
_ o Ok OO oo
_— O, Ok, O OO
O = == OO
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Clearly, the corresponding graph G is 3-regular.

1 (2> ——5) 6
F—O——0
Figure 1: Hlustration of the graph G. The labels of the nodes on the right hand side display

the corresponding entries of the eigenvector of the second largest eigenvalue (which is v/5/3).
The dashed line describes the best possible cut, which is found by our algorithm.

5 Further Examples
Let us now apply Cheeger’s inequality to three different graphs:

e Let G be a complete graph with n vertices. Then, Ay = 0 and

SEVASL o WASI 2,

h(G) < —_— =
(@) s:1s|<vye - d|S| s:sIKvie2 n—1  n—1

e Let G be a cycle with n vertices. Any set S C V with 1 < |S| < n/2 has at least two
edges from S to V' '\ S. Hence,

2 2 2

h(S) =2 -5 = =,
(%) S| ~ 2-n/2 n

where the inequality is tight if S is a set of consecutive vertices of size n/2. Further,
Ay = cos(2m/n) ~ 1 — O(1/n?), so the spectral and geometric expansion differ by a
square.

e For the hypercube G with n = 2¢ vertices, you are asked in an exercise to prove that
Ao =1-— %. Hence from Cheeger’s inequality, h > 13A2 = ﬁ. Choosing S to be all
vertices whose first bit equals zero yields

S| _ 1
< J—

h o = -
S|~ d

Therefore, h ~ 1/d.
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