Statistical Geometry Processin
Winter Semester2011/2012

LeastSguares
SCER\ UNIVERSITAT A ]
: ﬂ_m_-]“ EAE;RLANDES max planck institut

informatik



LeastSquares Fitting



Approximation

Common Situation:
wWe have many data points, they might be noisy
w Example: Scanned data

wWant to approximate the data with a smooth curve /
surface

What we need:
w Criterion¢ what is a good approximation?
w Methods to compute this approximation



Approximation Techniques

Agenda:
w Leastsquares approximation

w Total leastsquares linear approximation

w Iteratively reweighted leassquares



LeastSquares

We assume the following scenario:

w Given: Function valugsat positionsx;.
(1D- 1D for now)

w Independent variables known exactly.
w Dependent variableg with some error.

w Error Gaussian,i.d.
A normal distributed
A independent
A same distributiorat every point

wWe know the class of functions



Situation

Y1 Y, A

Xl X2 Xn

Situation:
w Original sample points taken atfrom originalf.
w Unknown Gaussian iid noise added to egch
wWant to estimated reconstructet



Summary

Statistical model yields leastquares criterion:
argmind (T(x)- ,)°

f i=1

Linear function space leads to quadratic objective:
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Maximum Likelihood Estimation

Goal:

w Maximize the probabillity that the data originated from
the reconstructed curvé

wdal EAYdzY ftA]1StEAK22R S&adAYy

Gaussian normal distribution



Maximum Likelihood Estimation

R —_~
arg[naXO No s (F(X)- V)
f i=1



Maximum Likelihood Estimation

argmaxONOS(f(x) y.)= argmax() ! expae(f(x) y') d
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LeastSquares Approximation

This shows:

o Maximum likelihood estimate minimizes
sum of squared errors

Next: Compute optimal coefficients

_ k
wLinearansatz f(x)=3 / ib; (x)

=1

w Determine optimal/,
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Maximum Likelihood Estimation

éa!lgg ab, (X)g:J ab(Xl)(il 68’1
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Critical Point

| %1%1 ab(x)gJ ab(Xl)(iJ _%’1%’
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Critical Point

This can also be written as:

ab,,b,) 3 (b, bk>€néellg %y b1>g
e 4 6 4 @e4¢:):ae 4 0
C bk’b1> 3 <bk bk>%k2 é?y bk>9
with:

<bi 1bj>::% b, (%, )@, (x,)

(y:b,)=8 b(x) O,
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Summary (again)

Statistical model yields leastquares criterion:
argmind (T(x)- ,)°

f i=1

Linear function space leads to quadratic objective:
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Variants

Weighted least squares:
wLy OlFasS GKS RFEGF LRAYyOGQa
deviationss at the different data points
w This gives a weighted least squares problem

w Noisier points have smaller influence
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Same procedure as prev. slides...

argmaxON (f(x) y.)= argmaxO L expae(f(x) Zy') 0
f i=1 i=1 S, 2N\ (; 25i 9
] 2
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I 1$| 2/\ (; 25|
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Result

Linear system for the general case:

?éb b bl’bn>c~ﬁ/16 %y’b1>~ < > ab(X)(b(X)GM/Z( )
6 4 Qae40 ® 4 o with:
6?b b b” b” %”9 ?y b < Y, i>::|a:'lbi(xi)q/i®'/2(xi)

m;(xi):siz, e W(xi):i

Larger w larger influence of data point
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LeastSquares Linear Systems

Remark:

wWe get the same result, if we solve an overdetermined
system for the interpolation problem in a least squares
sense

w Leastsquares solution to linear system:
AX=Db
- argmin(Ax- by
=arg min(xTATAx - 2Ax Oy + bTb)
compute gradient :
- 2ATAx=2A"b, i.e.ATAx=A"b
wad{ &8a0SY 2F y2NXI{t Sldz (A2
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SVD

Problem with normal equations:

w Condition number of normal equations is square of that
of A itself

w Proof:
SVD A=UDV

A'TA=V'DU'UDV=V'D?V

WC2NJ aSOAtE O6ADPSP Aff O2YyR
are not the best way to solve the problem

w In that case, we can use the SVD to solve the problem..
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One more Variant...

Function Approximation F e
w Given the following problem:
A We know a functiori: WE R"- R
A We want to approximaté in

a linear subspace (x)::'alf_ /.b;(x)
A How to choosé ? =
WS ATFSNBYOSY /2y iAydz2dza 7d
w Solution: Almost the same as before...
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Function Approximation

ODbjective function:
[ (x)- [

- min
wWe obtain:

k
a/jbj(x)- f

=1
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Function Approximation

Critical point (1.e., solution):

aéb b) 3 (b.by)BY, gébl(x)

6 4(&40%4

a?b b) 3 (b.,b) 33%9 a?b

with:
(f,9) = fif (x)g(x)dx (unweighted version)

| o: O OOI

(f.9), = )g(x)w’(x)dx (weighted version)
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Galerkin Approximation

The leastsquares criterion Is equivalent to:

residual each basis function

k
"l {1..k}:<a /.b(x)- f,b (x)>:O
j=1 linear subspace
origin

best approx.

0 "ii {1..k}:<'alf_ /.b(x), b (x)> =(f, b (x))

=1

ab,by) 3 >%élg %bl(x),wg vector
0@ 4 6 4 Geho=a 4 0
?bl bn 3 bn bn>i?n9 (E?bn(x)’f>9
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Summary

What we can do so far: A

w Leastsquares approximation: ~

A Given more data points than basis functions,
we can fit an approximate function from

a basis function set to the data W
w Variants:

A We can solve linear systems in
a leastsquares sense hes

A Given a function, we can fit the yes
most similar approximation from a subspace
w Extensions:
A Any known uncertainty in the data can be modeled by weights
A The multidimensional case is similar

I,
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Remaining problems

What Is missing:
wAny error inx-direction is ignored so far (onlydirection)
A We will look at that problem next (total leastjuares)...

w Noise must be Gaussian

A Can be generalized using iteratively reweighted lesagtares
(M-estimators)

26



Total Least Squares



Statistical Model

Generative Model:

original curve / surface

noisy sample points

28



Statistical Model

Generative Model:
1. Determine sample point (uniform)
2. Add noise (Gaussian)

VYD

sampling

Gaussian noise  many samples

distribution
(in space)
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Sguared Distance Function

Result:
w Gaussian distribution convolved with object
w No analytical density

Approximation:
w 1D Gaussian minimize squared residual
w This case minimize squared distance function
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General Total Least Squares

General Total Least Squares:
w Given a class of objeot®j with parameterd | Rk

w A set ofn sample points (Gaussian, iid, isotropic
covariancep, I R™.

w Total least squares solution minimizes:

argmin an dist(obj1 . )2

1iRK =1

w In general: Nodinear, possibly constrained (restrictions
on admissiblg s) optimization problem

w Special cases can be solved exactly

2,



Fitting Affine Subspaces

The following problem can be solved exactly:
w Best fitting line to a set of 2D, 3D points
w Best fitting plane to a set of 3D points

w In general: Affine subspace Rf", with dimensiord ¢ m
that best approximates a set of data poimtd R™.

Solution: principle component analygiIBCA)
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Start: 0-dim Subspaces

Easy StartThe optimal édimensional affine subspace

» Given a seb of n data pointsd, | R™, what is the poink,
with minimum least square error to all data points?

wAnswer: just the sample mean (average)...:

x{P) =m(D) = %a d

=1

w Proof: minimize
E(X,) = a ”Xo - d, ”2

=1

(next slide...)
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Proof

E(xo)=a on - d,
i=1

I

sample mean:
m(D) ::lé_ d.
Nz
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Proof

E(xo):é Xo- di| sample mean:
I? , m(D) 1=1£. d;
=& [x, - m(D)+m(D)- dj| ni-
:é Xo - m(D)| - 2;2?1 (X, - m(D),m(D)- di>+é Im(D)- d,|
:.‘;2?‘ I, - m(D)H2 - 2<x0 - m(D),_'ar']_ m(D) - di>+§ m(D)- din
:é [xo - m(D)[” - 2<><0 m(D),n@n(D) - a d, >+a Im(D)- d,[’
:é o - m(D)[" - 2<x0 : m(D),a d;- & di>+§'\ |m(D)- d,[

=8 [xg-m@I" +a|m©-d [

mnunuunforxo m(D) Eﬁl) ) ' ) ) (

independer of Xq
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One Dimensional Subspaces...

Next:

wWhat is the optimal line (1D subspace) that approximate
a set of data pointsl,?

w Two gquestions:
A Optimum origin (point on the line)?
i This is still the average (proof omitted)
A Optimum direction?
i We will look at that next...
w Parametric line equation:

X(t)=x,+t® (X, I R™,ri R™|Ir[=1)
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Best Fitting Line

Line equation:. line
_ ’ Com ot oam el — r (unit length)
X(t) =X, +t® (X, I R™,r1 R™|r[=1) % (unit length)

Best projection on any line:
t; =(r.d - X,)

Objective Function:

2 dist(line,d ) = 4 ([x, +t;r]-d.

=1 i=1



Best Fitting Line

Objective Function:
3 dist(line.d )* = 3 ([x,+tr]-d,f

=1

B

optimal
parameterst;:
=1 :<l‘ d. - XO>

38



Best Fitting Line

Objective Function:

é dist(line,d. )? :é ([x,+tr]-d,f :é (t.r - [d, - x,])

_ :?- t 2r 2 zat<rd _ >+ai[di_xo]2
=é< X, ) -2i'a:'1<r,di-xo>2+i'afl[di-
=870 ) +ald - xT
=1 T8 (0 - %) - o) A, - X,
8Y))) ")) >><“ &) ' ) X

Matrix, =:S const.w.r.t.r

optimal
parameterst;:
t; =(r,d - X,)

2
Xo]
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Best Fitting Line

Result:

g dist(line,d.)* =-r 'Sr+const.
i=1

with : S:'ar'i (d; - xo)d, - x,)", [r[=1

=1
Eigenvalue Problem:
wr'S is a Rayleigh quotient
w Minimizing the energy: maximum quotient
w Solution: eigenvector withargesteigenvalue
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General Case

Fitting ad-dimensional affine subspace:
wd=1:line
wd=2: plane
wd= 3: 3D subspace
w...

Simple rule:

w Use thed eigenvectors with théargest eigenvaluesom
the spectrum of S.

w Gives the (total) leastquares optimal subspace that
approximates the data sed.
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General Case

Procedure:Principal Component Analysis (PCA)
w Compute averagg, = mD)
w/ 2YLlzii § & a Od=g@ (1 SN@ X)) G NR E ¢

wlLet (,Vvy), ... (/,V,) be sorted eigenvalue/vector pairs
of S where/ , is the largest, and the are of unit length.

w The subspace spanned b, ,..t,)=x, +a (t.v,)

approximates the data optimally in terms of squared
distances to a point in the subspace.

w Stronger: projecting the data into this subspace is the be
d-dimensional (affine subspace) data approximation.
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Statistical Interpretation

1.7
[ =X, =—a g,
Ni-;
Folg 1 :
= se LA no )
1
N”(X)—

Observation:

w J(n-1) Is the covariance matrix of the data $&+ {d }

w PCA can be interpreted as fitting a Gaussian distribution
and computing the main axes
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Applications

. . . . t)=x,+tQ,
Fitting a line to a point cloud iR 4 =xo*

w Sample mean and direction
of maximum eigenvalue

Plane Fitting inR3:;

w Sample mean and the two
directions of maximum eigenvalues

w Smallest eigenvalue (/,/ /) small
A Eigenvector points in normal direction -
A Aspectratio(s/ /,0 A& F YSE adNB(e°, "4 F

(quality of fit) 0, /\/:)"Iager
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Applications

Application: Normal estimation in point clouds

w Given a set of pointg, | R3that form a smooth surface.

wWe want to estimate:
A Surface normals
A Sampling spacing

Algorithm:
w For each point, compute thienearest neighbors«(° 20)

w Compute a PCA (average, main axes) of these points
A Eigenvector with smallest eigenvalue normal direction
A The other two eigenvectors tangent vectors
A Tangent eigenvalues give sample spacing estimate
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Applications

Another Application:Coordinate frame estimation
w More general total leassquares (nodinear) is difficult

w HoweverWe can tweak it
A Compute coordinate frames using PCA
A Smallest eigenvalue = normal direction
A Form height field in normal direction
A Then: use ordinary leasiguares in this coordinate system
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Example

Example:

- k-nearest neighbors

- PCA coordinate frames
at eachpoint

- Quadratic monomials
(bivariate, local coords.)

- Least squares fit
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Curvature Estimation

Estimating curvature in point clouds:

w Quadratic fitting (as in the example)
A PCA coordinate frameiv, n)
A Height field in normal directioru(v)- n
A Fit quadratic polynomials
{1,u, v, uv, u? v4}
w Eigenanalysis of the quadratic terms

A Hessian matrix from fitted polynomial

al, !.,0
2 2 uu uv
2/ Juv+ [ us+ 1, V- " "8

(; uv v

A Compute principal directions
A Mean / Gauss / Normal curvature
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Bunny Curvature

principal
curvaturek,

principal
curvaturek,

Stanford Bunny
(dense point cloud) Gaussian

curvature

mean
curvature

[courtesy of MartinBokelolj
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PCA and MDS



Notation

Data matrix
g il ) 8 : - .

X=m 4 ¢ d-dimensional inputvectors, ;... X4
& 7 _0
¢ FnTs

Centered data matrix

X
I
X
X|
[
X
DS L s
X1 X1

R B BBL
[-O: O: O: OO
I
—_—_

1
| P
=
=
_|
—
X
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MDS

Multi-Dimensional Scaling
w Input: n3 n pairwise distance matrik

w Compute pairwise scalar product matrix of centered
vectors:

D =- ;(dijz)ij, < =(-2127)D( - 2117)

w By this construction:

K =XxXT & (>~< : Y)(;( : Y)Tg (PCAXTX)
(5‘, -
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MDS (2)

Multi-Dimensional Scaling
wNext: Computeigenstructureof K = XX T
K =UogU"
w Thus, a candidate reconstruction xf
is given byX * Uo*?
w ReminderX ¢ data vectors in rows

wHence:emb(x.) * (ru(') ’\mug))
(\/7u(') .,\muﬁ))(kd:n)
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MDS (3)

Properties:(assuming Euclidian distances)
w Recovers points up to global translation and orthogonal
mapping
w Reduced versiorkfdim.) preserves distances in a least
sguare sense (dimension reduction)

w Result is the same as for PCA embedding
on pointcoordinates (next slide)
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MDS is PCA

SVD of Centered Data Matrix

é./l
X =UoVT =UE& s

C ! min( dn) =

Equivalence of MDS and PCA
PCA: XTX =Ve?V'
MDS: xx T :UQZUT

T

0202

PCA: embPCA (X) = XV
MDS: emby,ps (X) =UQ

X=UQV'Y XV =Ug
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So Where Is the Difference?

PCA MDS

input points pw. distances / scalar prods

d? d eigenvalue problem n3 neigenvalue problem

complexit
P y (low dim., large data sets) (high dim., small data sets)
data embedding data embedding
result principal varianges principal varianges
principal axes no principal axes
subspace can easily embed not obvious

projection additional vectors (yesNystronmethod)

S7



Nystrom Projection

Embedding further Vectors

w Recompute everything

A Expensive

A Inconsistent for some applications (new coordinates)
wadb&@auNlyY C2N¥NdzL | £

A Compute embedding by linear combination of
computed eigenvectors

A Uses projections on input data set (scalar products only)

A Assumes knowledge of point positions
(later: measure distances only)
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Nystrom Projection

Nystrom Projection
wReminder: x =ugVv’ K=XXT=Ug?U"
embps (X) =UQ  emby, (X) = VX
wProject vectorx on principal axes:
emb(x) = VX
:([5 '1UT]x)x :[5 '1UT][XX]
a.n 1

—uP(x,x
e
4

o

88
|-
=

=

(X1

X
X
~~—"
1-O0:- 0: 0: O

UO_
1
[ERY
~
=}
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Kernel PCA



Kernel PCA

GYSNYy St t/ ! A
f

Of  aairol
alLl OSé w2 Af Y

a
Al a HANONHE®BG

Main ldea:
wa5{ Oy keBelist@justrablacé scalar
product matrixK with kernel matrix

wNo need to deal with feature space explicitly (which mig|
be intractable)

w Will yield PCA anyway (but no eigenvectors)
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Algorithm

Kernel PCA Step 1/3
Compute kernel (Gram) matrix

gtéf(xl),f(xl)> 3 <f(xn),f(x1)>g
{?f(xl),f(xn» 3 (F(X,) F (%))
%((Xl’xl) 3 k(Xn’Xl)g
4 6 4 5

(Xl’xn) 3 k(xn’xn)g

O &
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Algorithm

Kernel PCA Step 2/3:Center Data

w Cannot computeX = X - X because
X Is now In feature space

w Center kernel matrix directly:
K Coneed = |19k - kBT |+ [FaaT |k [EaaT]
= (| - %11T)K (| - %11T) «— exactly the same as in v

_Proof:

K., :<f<xi)- A £, FX)- é}f(xk)>

= F(x,)TFX ) - A F)TFX) - A F)TF) +E A Fx)TFX,)

k=11=1
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Algorithm

Kernel PCA Step 3/3- Compute embedding

w Elgenspace:
K (centered) — U S U T

w Embedding:
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Embedding Further Points

Project Additional Points:
w UseNystromFormula:

g@iu(l)k(x X )@
=1 /1

emb(x) =& 4
a&n 1

(n)
% /n k(x x)

G
w Usesonly kernel computations in feature space

1-O0: O: O: O: OO
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Kernel PCA

Summary:

w Kernel PCA performs PCA/MDS In feature space using «
oroducts (i.e. kernel evaluations) only

w It gives the same result as MDS
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Kernel PCA

Remarks:
w' VYEALS aNBFHféE t/ 12 AG R2S
vectors

A They are in feature space, i.e. usually inaccessible

A Preimages in (lowdim.) input space do not need to exist
(there are approximation techniques)

A Even if so, they are difficult to compute...
...and the space is ndmear anyway
(so they do not really help)
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Kernel PCA

Complexity:
w Need to solven® n eigenvalue problem
w Memory, Time:\Wn?)

w Does not scale for large data sets
A Can use approximation techniques
A ldea: Landmark MDS

A Compute embedding on small subset of landmark points (e.g.
random subset)

A UseNystromformula to embed other points
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Examples



From the Paper
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Where Is the Swiss Roll?

exp.
kernel
s =0.30D

exp.
kernel
s =0.35D

the roll

exp.
kernel

s =0.35D
(centered)

poly-
kernel
(5th order)

s =0.35D
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