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Least-Squares Fitting 
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Approximation 

Common Situation: 

ωWe have many data points, they might be noisy 

ωExample: Scanned data 

ωWant to approximate the data with a smooth curve / 
surface 

What we need: 

ωCriterion ς what is a good approximation? 

ωMethods to compute this approximation 
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Approximation Techniques 

Agenda: 

ωLeast-squares approximation 
(and why/when this makes sense) 

ωTotal least-squares linear approximation 
(get rid of the coordinate system) 

ωIteratively reweighted least-squares 
(for nasty noise distributions) 
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Least-Squares 

We assume the following scenario: 

ωGiven: Function values yi at positions xi. 
(1D ­ 1D for now) 

ωIndependent variables xi known exactly. 

ωDependent variables yi with some error. 

ωError Gaussian, i.i.d. 

Ánormal distributed 

Áindependent 

Ásame distribution at every point 

ωWe know the class of functions 
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Situation 

Situation: 

ωOriginal sample points taken at xi from original f. 

ωUnknown Gaussian iid noise added to each yi. 

ωWant to estimated reconstructed f. ~ 

x1 x2 xn 

y1 y2 
yn 
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Summary 

Statistical model yields least-squares criterion: 

 

Linear function space leads to quadratic objective: 

 

Critical point: linear system 
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Maximum Likelihood Estimation 

Goal: 

ωMaximize the probability that the data originated from 
the reconstructed curve f. 

ωάaŀȄƛƳǳƳ ƭƛƪŜƭƛƘƻƻŘ ŜǎǘƛƳŀǘƛƻƴέ 

~ 

Gaussian normal distribution 
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Maximum Likelihood Estimation 
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Maximum Likelihood Estimation 
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Least-Squares Approximation 

This shows: 

ωMaximum likelihood estimate minimizes  
sum of squared errors 

Next: Compute optimal coefficients 

ωLinear ansatz: 

ωDetermine optimal li 
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Critical Point 

öö
ö
ö

÷

õ

ææ
æ
æ

ç

å

-ù
ú

ø
é
ê

è
=

ö
ö

÷

õ

æ
æ

ç

å
+-ù

ú

ø
é
ê

è
Ð

ä

äää

=

===

k

n

i
ii

n

i
i

n

i
ii

n

i
ii

xx

yxyxx

by

by

ʇbb

bʇʇbbʇʇ

T

1
T

1

T

1

2

1

T

1

TT

2)()(2

)(2)()(

4

We obtain a linear system of equations: 

öö
ö
ö

÷

õ

ææ
æ
æ

ç

å

=ù
ú

ø
é
ê

è
ä
=

k

n

i
ii xx

by

by

ʇbb
T

1
T

1

T )()( 4

entries 

1

entries, 

1

entries 

1

entries 

1

:

)(

)(

:,

)(

)(

:)(,: n

n

n

ni

i

ik

k

k

k y

y

xb

xb

xb

xb

x
î
ý

î
ü

û

ö
ö
ö

÷

õ

æ
æ
æ

ç

å

=
î
ý

î
ü

û

ö
ö
ö

÷

õ

æ
æ
æ

ç

å

=
î
ý

î
ü

û

ö
ö
ö

÷

õ

æ
æ
æ

ç

å

=
î
ý

î
ü

û

ö
ö
ö

÷

õ

æ
æ
æ

ç

å

= 4444 ybbʇ

l

l



 14 

Critical Point 

This can also be written as: 
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Summary (again) 

Statistical model yields least-squares criterion: 

 

Linear function space leads to quadratic objective: 

 

Critical point: linear system 
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Variants 

Weighted least squares: 

ωLƴ ŎŀǎŜ ǘƘŜ Řŀǘŀ ǇƻƛƴǘΩǎ ƴƻƛǎŜ Ƙŀǎ ŘƛŦŦŜǊŜƴǘ ǎǘŀƴŘŀǊŘ 
deviations s  at the different data points 

ωThis gives a weighted least squares problem 

ωNoisier points have smaller influence 
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Same procedure as prev. slides... 
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Result 

Linear system for the general case: 

 

 

 

Larger w ­ larger influence of data point 
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Least-Squares Linear Systems 

Remark: 

ωWe get the same result, if we solve an overdetermined 
system for the interpolation problem in a least squares 
sense 

ωLeast-squares solution to linear system: 
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SVD 

Problem with normal equations: 

ωCondition number of normal equations is square of that 
of A itself 

ωProof: 

 

 

ωCƻǊ άŜǾƛƭέ όƛΦŜΦ ƛƭƭ ŎƻƴŘƛǘƛƻƴŜŘύ ǇǊƻōƭŜƳǎΣ ƴƻǊƳŀƭ Ŝǉǳŀǘƛƻƴǎ 
are not the best way to solve the problem 

ωIn that case, we can use the SVD to solve the problem... 
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One more Variant... 

Function Approximation 

ωGiven the following problem: 
ÁWe know a function f: W É Rn ­ R 

ÁWe want to approximate f in 

  a linear subspace: 

ÁHow to choose l? 

ω5ƛŦŦŜǊŜƴŎŜΥ /ƻƴǘƛƴǳƻǳǎ ŦǳƴŎǘƛƻƴ ŀǎ άŘŀǘŀέ ǘƻ ōŜ ƳŀǘŎƘŜŘΦ 

ωSolution: Almost the same as before... 
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Function Approximation 

Objective function: 

ω  

ωWe obtain: 
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Function Approximation 

Critical point (i.e., solution): 

 

with:  
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Galerkin Approximation 

The least-squares criterion is equivalent to: 
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Summary 

What we can do so far: 

ωLeast-squares approximation: 
ÁGiven more data points than basis functions, 

we can fit an approximate function from 
a basis function set to the data 

ωVariants: 
ÁWe can solve linear systems in 

a least-squares sense 

ÁGiven a function, we can fit the 
most similar approximation from a subspace 

ωExtensions: 
ÁAny known uncertainty in the data can be modeled by weights 

ÁThe multi-dimensional case is similar 
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Remaining problems 

What is missing: 

ωAny error in x-direction is ignored so far (only y-direction) 

ÁWe will look at that problem next (total least-squares)... 

ωNoise must be Gaussian 

ÁCan be generalized using iteratively reweighted least-squares 
(M-estimators) 

 



Total Least Squares 
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Statistical Model 

Generative Model: 

original curve / surface noisy sample points 
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Statistical Model 

Generative Model: 

1. Determine sample point (uniform) 

2. Add noise (Gaussian) 

sampling Gaussian noise many samples distribution 
(in space) 
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Squared Distance Function 

Result: 

ωGaussian distribution convolved with object 

ωNo analytical density 

Approximation: 

ω1D Gaussian ­ minimize squared residual 

ωThis case ­ minimize squared distance function 
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General Total Least Squares 

General Total Least Squares: 

ωGiven a class of objects obj with parameters l Í Rk. 

ωA set of n sample points (Gaussian, iid, isotropic 
covariance) di  Í Rm. 

ωTotal least squares solution minimizes: 

 

 

ωIn general: Non-linear, possibly constrained (restrictions 
on admissible ls) optimization problem 

ωSpecial cases can be solved exactly 
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Fitting Affine Subspaces 

The following problem can be solved exactly: 

ωBest fitting line to a set of 2D, 3D points 

ωBest fitting plane to a set of 3D points 

ωIn general: Affine subspace of Rm, with dimension d ¢ m 
that best approximates a set of data points di Í Rm. 

Solution: principle component analysis (PCA) 
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Start: 0-dim Subspaces 

Easy Start: The optimal 0-dimensional affine subspace 

ωGiven a set D of n data points di Í Rm, what is the point x0 
with minimum least square error to all data points? 

ωAnswer: just the sample mean (average)...: 

 
 

ωProof: minimize 

 

 

 (next slide...) 
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Proof 
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One Dimensional Subspaces... 

Next: 

ωWhat is the optimal line (1D subspace) that approximates 
a set of data points di? 

ωTwo questions: 

ÁOptimum origin (point on the line)? 

ïThis is still the average (proof omitted) 

ÁOptimum direction? 

ïWe will look at that next... 

ωParametric line equation: 

)1,,()( 00 =ÍÍÖ+= rrxrxx mmtt RR
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0, xr -= ii dt

Best Fitting Line 

Line equation: 
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0, xr -= ii dtObjective Function: 
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Best Fitting Line 

Objective Function: 
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Best Fitting Line 

Objective Function: 
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Best Fitting Line 

Result: 

 

 

Eigenvalue Problem: 

ωrTSr is a Rayleigh quotient 

ωMinimizing the energy: maximum quotient 

ωSolution: eigenvector with largest eigenvalue 

( )( ) 1,:with

.),(

1

T

00

T

1

2

=--=

+-=

ä

ä

=

=

rxxS

Srrd

n

i
ii

n

i
i

dd

constlinedist



 41 

General Case 

Fitting a d-dimensional affine subspace: 

ωd = 1: line 

ωd = 2: plane 

ωd = 3: 3D subspace 

ω... 

Simple rule: 

ωUse the d eigenvectors with the largest eigenvalues from 
the spectrum of S. 

ωGives the (total) least-squares optimal subspace that 
approximates the data set D. 
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General Case 

Procedure: Principal Component Analysis (PCA) 

ωCompute average x0 = m(D) 

ω/ƻƳǇǳǘŜ άǎŎŀǘǘŜǊ ƳŀǘǊƛȄέ  

ωLet (l1,v1), ... ,(ln,vn) be sorted eigenvalue/vector pairs 
of S, where l1 is the largest, and the vi are of unit length. 

ωThe subspace spanned by                                           

 approximates the data optimally in terms of squared 
distances to a point in the subspace. 

ωStronger: projecting the data into this subspace is the best 
d-dimensional (affine subspace) data approximation. 
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Statistical Interpretation 

Observation: 

ωS/(n-1) is the covariance matrix of the data set D = {di}i 

ωPCA can be interpreted as fitting a Gaussian distribution 
and computing the main axes 
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Applications 

Fitting a line to a point cloud in R2: 

ωSample mean and direction 
of maximum eigenvalue 

Plane Fitting in R3: 

ωSample mean and the two 
directions of maximum eigenvalues 

ωSmallest eigenvalue 

ÁEigenvector points in normal direction 

ÁAspect ratio (l3 / l2ύ ƛǎ ŀ ƳŜŀǎǳǊŜ ƻŦ άŦƭŀǘƴŜǎǎέ 
(quality of fit) 

x0 

10)( vxx Ö+= tt

(l2 / l1) small 

(l2 / l1) larger 
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Applications 

Application: Normal estimation in point clouds 
ωGiven a set of points pi Í R3 that form a smooth surface. 

ωWe want to estimate: 
ÁSurface normals 

ÁSampling spacing 

Algorithm: 
ωFor each point, compute the k nearest neighbors (k º 20) 

ωCompute a PCA (average, main axes) of these points 
ÁEigenvector with smallest eigenvalue ­ normal direction 

ÁThe other two eigenvectors ­ tangent vectors 

ÁTangent eigenvalues give sample spacing estimate 
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Example 

points normals 

tangential frames elliptic splats  
w/shading 
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Applications 

Another Application: Coordinate frame estimation 

ωMore general total least-squares (non-linear) is difficult 

ωHowever: We can tweak it 

ÁCompute coordinate frames using PCA 

ÁSmallest eigenvalue = normal direction 

ÁForm height field in normal direction 

ÁThen: use ordinary least-squares in this coordinate system 
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Example 

Example: 
- k-nearest neighbors 
- PCA coordinate frames 
  at each point 
- Quadratic monomials 
  (bivariate, local coords.) 
- Least squares fit 
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Curvature Estimation 

Estimating curvature in point clouds: 

ωQuadratic fitting (as in the example) 

ÁPCA coordinate frame (u, v, n) 

ÁHeight field in normal direction (u, v) ­ n 

ÁFit quadratic polynomials 
{1, u, v, uv, u2, v2} 

ωEigenanalysis of the quadratic terms 

ÁHessian matrix from fitted polynomial 

 2luvuv + luuu
2 + lvvv

2 ­ 

ÁCompute principal directions 

ÁMean / Gauss / Normal curvature 

ö
ö
÷

õ
æ
æ
ç

å

vvuv

uvuu

ll

ll



 50 

Bunny Curvature 

Stanford Bunny 
(dense point cloud) 

principal  
curvature k1 

principal  
curvature k2 

mean  
curvature 

Gaussian  
curvature 

[courtesy of Martin Bokeloh] 



PCA and MDS 
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Notation 

Data matrix 
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MDS 

Multi -Dimensional Scaling 

ωInput: n ³ n pairwise distance matrix D 

ωCompute pairwise scalar product matrix of centered 
vectors: 

 

ωBy this construction:  
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MDS (2) 

Multi -Dimensional Scaling 

ωNext: Compute eigenstructure of  

 

ωThus, a candidate reconstruction of X 

is given by 

ωReminder: X ς data vectors in rows 

ωHence: 
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MDS (3) 

Properties: (assuming Euclidian distances) 

ωRecovers points up to global translation and orthogonal 
mapping 

ωReduced version (k-dim.) preserves distances in a least 
square sense (dimension reduction) 

ωResult is the same as for PCA embedding 
on point coordinates (next slide) 
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XVX =)(PCAemb

SVD of Centered Data Matrix 
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MDS is PCA 

Equivalence of MDS and PCA 
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So Where is the Difference? 

PCA MDS 

input points pw. distances / scalar prods. 

complexity 
d ³ d eigenvalue problem 

(low dim., large data sets) 

n ³ n eigenvalue problem 
(high dim., small data sets) 

result 

 data embedding, 

principal variances, 

principal axes 

data embedding, 

principal variances, 

no principal axes 

subspace 

projection 

can easily embed 

additional vectors 

not obvious 

(yes: Nyström method) 
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Nyström Projection 

Embedding further Vectors 

ωRecompute everything 

ÁExpensive 

ÁInconsistent for some applications (new coordinates) 

ωάbȅǎǘǊǀƳ CƻǊƳǳƭŀέ 

ÁCompute embedding by linear combination of  
computed eigenvectors 

ÁUses projections on input data set (scalar products only) 

ÁAssumes knowledge of point positions 
(later: measure distances only) 
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Nyström Projection 

Nyström Projection 
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ω Reminder: 

ω Project vector x  on principal axes: 

Vxx =)(PCAemb



Kernel PCA 
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Kernel PCA 

άYŜǊƴŜƭ t/! ƛǎ ŎƭŀǎǎƛŎŀƭ ǎŎŀƭƛƴƎ ƛƴ ŦŜŀǘǳǊŜ 
 ǎǇŀŎŜέ ώ²ƛƭƭƛŀƳǎ нллнϐ 

 

Main Idea: 

ωa5{ Ŏŀƴ ōŜ Ŝŀǎƛƭȅ άkernelizedέ ς just replace scalar 
product matrix K  with kernel matrix 

ωNo need to deal with feature space explicitly (which might 
be intractable) 

ωWill yield PCA anyway (but no eigenvectors) 
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Algorithm 

Kernel PCA ς Step 1/3 

Compute kernel (Gram) matrix 
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Algorithm 

Kernel PCA ς Step 2/3: Center Data 

ωCannot compute                       because 
X is now in feature space 

ωCenter kernel matrix directly: 
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Kernel PCA ς Step 3/3 - Compute embedding 

ωEigenspace: 

 

ωEmbedding: 
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Algorithm 
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Embedding Further Points 

Project Additional Points: 

ωUse Nyström Formula: 

 

 

 

 
 
ωUses only kernel computations in feature space 
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Kernel PCA 

Summary: 

ωKernel PCA performs PCA/MDS in feature space using dot 
products (i.e. kernel evaluations) only 

ωIt gives the same result as MDS 
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Kernel PCA 

Remarks: 

ω¦ƴƭƛƪŜ άǊŜŀƭέ t/!Σ ƛǘ ŘƻŜǎ ƴƻǘ ƻǳǘǇǳǘ ǇǊƛƴŎƛǇŀƭ ŀȄŜǎ 
vectors 

ÁThey are in feature space, i.e. usually inaccessible 

ÁPreimages in (low-dim.) input space do not need to exist 
(there are approximation techniques) 

ÁEven if so, they are difficult to compute... 
...and the space is non-linear anyway 
(so they do not really help) 
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Kernel PCA 

Complexity: 

ωNeed to solve n ³ n eigenvalue problem 

ωMemory, Time:  W(n2) 

ωDoes not scale for large data sets 

ÁCan use approximation techniques 

ÁIdea: Landmark MDS 

ÁCompute embedding on small subset of landmark points (e.g. 
random subset) 

ÁUse Nyström formula to embed other points 



Examples 
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From the Paper 

[Schölkopf et al. 1996] 
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Where is the Swiss Roll? 

the roll 

exp. 

kernel 

s = 0.30D 

exp. 

kernel 

s = 0.35D 

exp. 

kernel 

s = 0.35D 

(centered) 

poly.- 

kernel 

(5th order) 

s = 0.35D 


