|1.2 Statistical Inference:
Sampling and Estimation

A statistical model M is a set of distributions (or regression
functions), e.g., all uni-modal, smooth distributions.

M is called a parametric model if it can be completely described
by a finite number of parameters, e.g., the family of Normal
distributions for a finite number of parameters p, o:
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Statistical Inference

Given a parametric model M and a sample X,,..., X,
how do we infer (learn) the parameters of M?

For multivariate models with observed variable X and
,,outcome (response)* variable Y, this is called prediction
or regression, for a discrete outcome variable this is also
called classification.

r(x) = E['Y | X=x] is called the regression function.
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|ldea of Sampling

Distribution X Statistical Inference

(e.g., a population, ™~ What can we say about X based on
objects of interest) ) ST &,

i
\ Samples X;,...,X,
Distrib. Param. Sample Param. drawn from X
Hx mean X (e.g., people, objects)
o variance  S2
N size n

Example:
Suppose we want to estimate the average salary of employees in
German companies.
—> Sample 1: Suppose we look at n=200 top-paid CEOs of major banks.
- Sample 2: Suppose we look at n=100 employees across all kinds of companies.
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Basic Types of Statistical Inference

Given a set of 1id. samples X,...,.X, ~ X

of an unknown distribution X.
e.g.: n single-coin-toss experiments Xj,...,X, ~ X: Bernoulli(p)

 Parameter Estimation

e.g.: - what is the parameter p of X: Bernoulli(p) ?
- what is E[X], the cdf F of X, the pdf f, of X, etc.?

 Confidence Intervals
e.g.: give me all values C=(a,b) such that P(pC) > 0.95
where a and b are derived from samples X,,...,X,

* Hypothesis Testing
eg.: Hy:p=1/2 wvs. H; :p#1/2
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Statistical Estimators

A point estimator for a parameter 6 of a prob. distribution X Is a
random variable 6, derived from an iid. sample X;,..., X

. - 1
Examples: Sample mean: X = EZ X
=1
. 1 <
Sample variance: S; = n—lZ(Xi —X)?
T+ i=l
An estimator &, for parameter 6 is unbiased
if E[9,]=6

otherwise the estimator has bias E[én] — 0.
An estimator on a sample of size n is consistent
if lim_ . P[l8 —8|<e]l=1 for any £>0

Sample mean and sample variance
are unbiased and consistent estimators of z, and .
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Estimator Error

Let 6, be an estimator for parameter 6 over iid. samples Xy o X,
The distribution of én Is called the sampling distribution.
The standard error for &, is: se(d,) = \/Var[én]

The mean squared error (MSE) for én IS:
MSE (6,) = E[(6, -6)°]
= biasz(é’n )+Var[é’n]

Theorem: If bias — 0 and se — 0 then the estimator Is consistent.

The estimator 9 Is asymptotically Normal if
(9 —0)/ se converges in distribution to standard Normal N(0,1).
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Types of Estimation

* Nonparametric Estimation

No assumptions about model M nor the parameters 0 of the
underlying distribution X

- “Plug-in estimators” (e.g. histograms) to approximate X

« Parametric Estimation (Inference)

Requires assumptions about model M and the parameters 6 of
the underlying distribution X

Analytical or numerical methods for estimating 6
-> Method-of-Moments estimator
- Maximum Likelihood estimator

and Expectation Maximization (EM)
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Nonparametric Estimation

The empirical distribution function F, is the cdf that
puts probability mass 1/n at each data point X;:
1

Fn(0) == 2L 1(Xi <)
. 1if X, <X
with |(XiSX)={ _
0 i1f X, >X

A statistical functional (“statistics”) T(F) is any function over F,
e.g., mean, variance, skewness, median, quantiles, correlation.

The plug-in estimator of 6 = T(F) is: 0, =T(F;)

- Simply use F, instead of F to calculate the statistics T of interest.

IR&DM, WS'11/12 October 25, 2011 1.8



Histograms as Density Estimators

Instead of the full empirical distribution, often compact data synopses

may be used, such as histograms where X, ...,X, are grouped into

m cells (buckets) c,, ..., ¢, with bucket boundaries Ib(c;) and ub(c;) s.t.

Ib(c,) = —o0, ub(c,) = <, ub(c;) = Ib(c;,,) for 1<i<m, and

A 1 <
freq(c;) = f.(X)= szﬂ I (Ib(c;) < X, <ub(c;))
A 1 <
freqe (Ci) =F (x) = szzl | (X, <ub(c,))
Example: A 2 3 5
2 i (X 1o=1—+2-—+3-—
221 ) 020 T 20
X3=2 5/20 v4. 2 453,627 2
X,= 2 20 20 20 20
_ 4120
Xg=2 3/20 3/20 =3.65
Xe=3 2/20 2/20
20|
X,0=7 1 2 3 4 5 6 7 X

Histograms provide a (discontinuous) density estimator.
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Parametric Inference (1):
Method of Moments

Suppose parameter 6 = (6,,...,0, ) has k components.
Compute j-th moment: «; =«;(0)=E,[X M= jx" f. (X)dx

- ~ 1 n i L,
j-th sample moment: &, = HZizlxij for1 <j<k

A

a,(0,) = a
and «,(0.) = 4,
and «,(0) = 4, (for the first k moments)

—> Solve equation system with k equations and k unknowns.

Estimate parameter 6 by method-of-moments estimator &, s.t.

Method-of-moments estimators are usually consistent and
asymptotically Normal, but may be biased.
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Parametric Inference (2):

Maximum Likelihood Estimators (MLE)
Let X,,...,X, be iid. with pdf f(x;0).
Estimate parameter 6 of a postulated distribution f(x;0) such that

the likelihood that the sample values Xx,,...,X, are generated by
this distribution is maximized.

— Maximum likelihood estimation:
Maximize L(Xy,....X,; 0) = P[X,, ...,X,, originate from f(x; 0)]
Usually formulated as
L.(6) = IT; T(X;; 6)
Or (alternatively)
— Maximize |.(0) = log L,(6)
The value én that maximizes L,(0) is the MLE of 6.

If analytically untractable — use numerical iteration methods
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Simple Example for
Maximum Likelthood Estimator

Given:

« Coin toss experiment (Bernoulli distribution) with
unknown parameter p for seeing heads, 1-p for tails

« Sample (data): h times head with n coin tosses

Want: Maximum likelihood estimation of p

Let L(h,n, p) = Hf(X.,p) Hp 1-p) =p"A-p)""
withh =%, X -

Maximize log-likelihood function:

log L (h, n, p) =hlog( p)+(n—h)log(1- p)

oinL h n-h h

o p l-p n
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MLE for Parameters
of Normal Distributions
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MLE Properties

Maximum Likelihood estimators are
consistent, asymptotically Normal, and
asymptotically optimal (i.e., efficient) in the following sense:

Consider two estimators U and T which are asymptotically Normal.
Let u? and t? denote the variances of the two Normal distributions

to which U and T converge in probability.
The asymptotic relative efficiency of U to T is ARE(U,T) := t?/u?.

Theorem: For an MLE 6, and any other estimator 4,
the following inequality holds:

ARE(6,,0.)<1

That 1s, among all estimators MLE has the smallest variance.
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Bayesian Viewpoint of Parameter Estimation

« Assume prior distribution g(6) of parameter &
 Choose statistical model (generative model) f (x | 6)
that reflects our beliefs about RV X
 Given RVs X,,...,X, for the observed data,
the posterior distribution is h (@] Xy,...,X;,)

For X=Xy, ... , X=X, the likelihood is

L., ) =] [ fx10) =TT,

which implies

h@1x) >, F(x16)9()
g(o)

(posterior is proportional to

h(9| X1---Xn) - L(Xl"'xn’g) ) 9(9) likelihood times prior)

MAP estimator (maximum a posteriori):
Compute 6 that maximizes h(&| x,, ..., X,) given a prior for 6.
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Analytically Non-tractable MLE for parameters
of Multivariate Normal Mixture

Consider samples from a k-mixture of m-dimensional Normal distributions
with the density (e.g. height and weight of males and females):

with expectation values

and invertible, positive definite, symmetric
mxm covariance matrices X j

— Maximize log-likelihood function:

n n k | :
log L(X,.,...,X,,0) :=log | | PIX; | 4] :Z(Iog > 7n(X, i4;,%;)
i=1 i—1 =1
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Expectation-Maximization Method (EM)

Key idea:
When L(X4,...,X,, 8) (where the X, and 0 are possibly multivariate)
Is analytically intractable then

« introduce latent (i.e., hidden, invisible, missing) random variable(s) Z
such that
« the joint distribution J(X,,...,X,,, Z, 6) of the “complete” data
Is tractable (often with Z actually being multivariate: Z,,...,Z..)
« iteratively derive the expected complete-data likelinhood by integrating J
and find best 0: 0 =argmax, Y J[X,..X,,0|Z =z]P[Z =]
N _
'
EZ|X,6[J(X19' X Z, 0]
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EM Procedure

Initialization: choose start estimate for 6
(e.g., using Method-of-Moments estimator)

Iterate (t=0, 1, ...) until convergence:
E step (expectation):
estimate posterior probability of Z: P[Z | X,,....X,, 6]
assuming 6 were known and equal to previous estimate 6O,
and compute Ezy o [10g J(Xy,.... X, Z, 60)]
by integrating over values for Z

M step (maximization, MLE step):
Estimate 6(*1) by maximizing
6(*1) = arg max, E o[l10g J(Xy,..., X, Z, 6)]

—> Convergence is guaranteed
(because the E step computes a lower bound of the true L function,
and the M step yields monotonically non-decreasing likelihood),

but may result in local maximum of (log-)likelihood function
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EM Example for Multivariate
Normal Mixture

Expectation step (E step):

PLA I (N1 g2
i t | J
hij "= P[Z =1]X |"9( )] ~ |f |th data point X;

Z P[%: | n|(¢9(t) )]  Was generated
by jt" component,
0 otherwise

Maximization step (M step).
E,x 009 J(X;,.... X, Z,60)] =D log Zjnj(>‘<},¢9|zij =1)P[Z; =1]

n n n n
> hij% > (% — iy ) (% — ) _Zlhij _Zlhij
- . i=1 ] . i1=1 T 1=
/uj - I ZJ " ! n ﬂ'J "k n B N
2 hjj 2 hj 2 2 nj
i=1 i=1 j=1i=1
N - -
(t+1) See L. Wasserman, p.121 ff.
0 for k=2, m=1
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Confidence Intervals

Estimator T for an interval for parameter 6 such that
P[T-a<éfé<T+a]=1-«
[T-a, T+a] iIs the confidence interval and 1-a Is the confidence level.

For the distribution of random variable X, a value

X, (0<y<l)with P[X <x, ]2y AP[X =X, ] 21-y

Is called a y-quantile; the 0.5-quantile is called the median.

For the Normal distribution N(0,1) the y-quantile is denoted @, .

—> For agiven a or «, find a value z of N(0,1) ‘ /
that denotes the [T-a, T+a] conf. interval )
or a corresponding y-quantile for 1-a. .

/’ //

/// m
',", //, /;7 /
{ 41141//41‘ AJLJ

0 2
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Confidence Intervals for Expectations (1)

Let X, ..., X, be a sample from a distribution with unknown

expectation p and known variance 2.
For sufficiently large n, the sample mean X is N(p,o2/n) distributed

and (X —u)ﬁ is N(0,1) distributed:

P[—z L(X= “)*F <7]=®(2) —CD(—z) — ®(2) - (1- D(2)) = 2(z2) -1

— — 1o
=P[X -2 < pu<X+2]
f Jn
- O o D o
= P[X ——2 << X+ )=1-«
| n =H In ]
For confidence interval[X —a, X +a] or confidence level 1-o set
._an ; ::(1—%) quantileof N(0,1)
o 1o
then look up @(z) to find 1-a then a = ﬁ
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Confidence Intervals for Expectations (2)

Let X, ..., X, be an 1id. sample from a distribution X with unknown
expectation p and unknown variance o and known sample variance S.
For sufficiently large n, the random variable

- (X=mqn
B S F( n +1)
has a t distribution (Student £ (1) = 2 1
distribution) with n-1 degrees " T"Y/ n N
of freedom: I \/E(l+t] ?
n

with the Gamma function: T'(X)= je‘t t**dt for x>0
0

(with the properties I'(1)=1 and I'(x+1)=xI(x))
th11-a/2 S th11-a/2 S

Vn Vn
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Summary of Section 11.2

« Quality measures for statistical estimators

« Nonparametric vs. parametric estimation

« Histograms as generic (nonparametric) plug-in estimators

« Method-of-Moments estimator good initial guess but may be biased
« Maximume-Likelihood estimator & Expectation Maximization

« Confidence intervals for parameters
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Normal Distribution Table

The Normal Distribution Functions ®(z) =

4 27, / /)

Table 3
z e—t2/2

—dt
—00 V27r

’ '1/1///
A
,'/'/ /i ,l .’r/‘ //’ ///;,
;;Nzr ,//, 7 /// .
/(]2 ﬂ
4;/1 77, 1 :/ 1/11 1///
0
2 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
0.0 .50000 .50299 .50798 .51197 .5159% .51929u 52392 .52790 .53188 .53584
0.1 .53983 .S4380 .SW776 .55172 .55567 .959462 .546356 56749 .S7142 57535
0.2 .57926 .58317 .58706 .59095 .594u83 .59871 460257 .60642 ,61026 461409
0.3 61791 ,62172 ,62552 .62930 .63307 .5$3683 464058 .64431 .64803 65173
0.4 45542 65910 66276 .666M0 67003 67364 67724 468082 .68u439 68793
0.5 .69146 69497 . 69847 .701%% 70540 70884 ,71226 .71566 71904 L2240
0.6 .7257% .72907 .73237 .73565 .73891 74215 74537 74857 79175 75490
0.7 .75804 .76115 76424 .76730 77035 77337 77637 77935 .78230 .78524
0.8 .78814 .79103 79389 .794673 79995 .£0234 .80%11 .8078% .81057 .81327
0.9 .81594 .81859 ,B82121 .82381 .8263% .8289% ,.83147 .83398 .83646 .838%1
1.0 .84134% ,8u375 .8ué1h 84849 8083 .8531h 85543 85769 85993 88214
1.1 .86433 L6450 86844 .BT7076 87284 .B7HF3 874698 .87900 .88100 88298
1.2 .88493 ,.B84R4 88877 82045 89251 29430 89617 .89796 .89973 90147
1.3 .20320 .20490 .90458 L2082 209886 91149 921308 91466 91621 .921774
1.4 .91924 92073 .92220 .92364 92507 .92647 92785 .92922 .93056 . 93189
1.5 .93319 ,93uu8 23574 93699 Q3020 L2TONT o047 QY179 24295 . 2uu08
1.6 .2uS20 .944630 QU738 .2uBUS . P4PT0 25053 951054 95204 L95352 20449
1.7 75543 .95637 95728 5818 95907 25990 94080 ,96164 .962ué& 96327
1.8 .926407 ,9&NBE 26562 Q‘(.u LR6T12 96784 26856 96928 96995 27062
1.9 .97128 .97193 L7257 97320 .97381 97Ul .97500 .97558 .927615 .97670
2.0 .9772% .97778 .97831 ,97882 ,97932 .97982 .98030 .98077 .9812u .981469
2.1 .98214 .98257 .98300 .9S3W1 .F8IB2 284022 ,9Bus41 . 98U00 .T8937 .98574
2.2 98410 .984615 .98679 98713 .927u5 93778 .98A09 99840 .98870 .9e899
IR&DM, m@m3m29°°”8 . 789546 .928983 .99010 '%&ﬂ&ﬁmﬁaﬁﬁfl L99086 .99111 . 92130 99158
1 o04an 009NT 0090 9O0MRE G0N 4LL 00N L QOINS  9O0TOY 99T QOTIL1
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Student‘s t Distribution Table

Critical Values of the Student-: Distribution®
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\ 0.10

O 00 VUL A WN -

005 0025 001 0005
3078 6314 12706 31821  63.657
1886 2920 4303 6965 9925
1638 2353 3182 4541 5841
1533 2132 2776 3747 4604
1476 2015 2571 3365 4032
1440 1943 2447 3143 3707
1415 1895 2365 2998  3.499
1397 1860 2306  28% 3355
1383 1833 2262 2821 3250
1372 1812 2228 2764  3.169
1363 1796 2201 2718  3.106
1356 1782 2179 2681 3055
1350 1771 2160 265 3012
1345 1761 2145 2624 2977
1341 1753 2131 2602 2947
1337 1746 2120 2583 2921
1333 1740 2110 2567 23898
1330 1734 2101 2552 2878
1328 LR9pe 22093 2539 2861
1 19¢ 1 19 " NoL ~ N0 T"QAL

Table 5
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