Chapter 3: Basics from Probability Theory
and Statistics

It is likely that unlikely things should happen.
-- Aristotle

The excitement that a gambler feels when making a |
IS equal to the amount he might win
times the probability of winning it.

-- Blaise Pascal

To understand God's thoughts we must study statistic$"
for these are the measure of his purpose. |
-- Florence Nightingale
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3.1 Probability Theory '

Events,Probabilities,Baye® T heor e m,
Random Variables,Distributions, Moments, Tail Bounds,
Central Limit Theorem, Entropy Measures

3.2 Statisticallnference
Sampling, ParameterEstimation, Maximum Likelihood,

Confidencelntervals, HypothesisTesting, p-Values,
Chi-Square Test, Linearand Logistic Regression

mostly following L. Wasserman Chapters 15
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Why All This Math?

A Ranking searchresults

A Estimating size structure dynamicsof Web & socialnetworks
(from sample$

A Inferring userintention(e.g. autecompletion

A Predicting bestadvertisements

A Identifying patterngoversampledanduncertaindatd

A Explaining featurefaspect®f patterns

A Characterizing trends outliers etc.

A Analyzing propertieof complex(uncertai data

A Assessinghequality of IR andDM methods
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2.1 Basic Probabillity Theory
A probability spaceis a triple WV, E, P) with
Aa setWof elementary events (sample space),
Aa family E of subsets af/with Wi E which is closed under
/& C, and- with a countable number of operands
(with finite Wusually E=2Y), and
Aa probability measure P: E- [0,1] with PMW=1 and
P[Ci A] = &, P[A] for countably many, pairwise disjoint A

Properties of P:

P[A] + P[xA] =1

P[A C B] = P[A] + P[B] 1 P[A AB]
P[A] = O (nulliimpossible event)
P[W] = 1 (true/certain event)
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Probability SpacesExamples

Roll onedice eventsare 1, 2, 3, 4, ®r6

Roll 2 dice eventsare
(1, 1), (1, 2) , e (1, 6) , (2,1

Repearolling adiceuntil thefirst 6, eventsare
<6 >, <0, 6>, <0, 0, 6>, <o, 0, O,
whereo denotedl,2,3,40r 5.

Roll 2 diceandconsidertheirsum
eventsare sumis 2, sumis 3,sumis4 , samis12

Roll 2 diceandconsidertheir sum
eventsare sumis even sumis odd
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Independence and Conditional Probabilities

Two events A, B of a prob. space arédependent
If P[A /EB] = P[A] P[B].

A finite set of events A={A, ..., A} Is independent
if for every subset $ A the equationp[ N Al= O P[A]
holds. Ail S Ail S

Theconditional probability P[A | B] of A under the
condition (hypothesis) B is defined a]§[ A|B] = P[ AZAB]
P B]

Event A isconditionally independentof B given C
If P[A | BC] = P[A| C].
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Tot al Probability '

Total probability theorem:
For a partitioning ofVinto events B, ..., B;:

P[A] =& P[A|B;] P[B]

Bayeso t Ppa|Bliol APLA

P[B]
P[A|B] is calledposterior probability Pﬁ ™)
P[A] is calledprior probability e
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BayesoOoO Theor em: E >

Events:
R=rain,"Y=norain,U = umbrella Y= noumbrella

Observedata
PIR] =0.3 P[Y]=0.7
P[U|Y]=0.1 P[U|R]=0.6

Superstitiondeconstructed
Doescarryinganumbrellapreventrain?
Bayesiannference
P[Y|U]="7
oy OLYYIOY 0[™Y'Y]0 'Y
O[Y'Y "

~

O[YYIO['Y] O[]0 Y
= 7/25=0.28
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Bayeso

Showmasteshufflesthreecards
gueenof heartss big prize):

Theor em:

SIS
SRERELLIBELE (Rehodhey
QION NN VONSNSNOIE

V!
U
XN
NON N

7

You choosea card

onwhichyou bet
Showmasteopens : IR
oneof theothercards . XY
L (v v
Showmasteoffersyou
to changeyour choicé

ouldyouchang®
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Random Variables '

A random variable (RV) X on the prob. spacé&\[ E, P) is a function
X:W- MwithMI Rs.t.{e|X(e) %} | E forall x| M
(X is measurable).

Fo: M- [0,1] with R (x) = P[X &]is the

(cumulative)distribution function (cdf)of X.

With countable set M the function:fM - [0,1] with f,(x) = P[X = X]
IS called theprobability) density function (pdf)of X;

ingeneral§( x ) y(X)s FO

For a random variable X with distribution function F, the inverse func
F1(qg) := inf{x | F(x) > g} for gl [0,1] is calledquantile functionof X.
(0.5 quantile (59 percentile) is called median)

Random variables with countable M are caliestrete
otherwise they are callabntinuous

For discrete random variables the density function is also
referred to as thprobability mass function
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Important Discrete Distributions

ABernoulli distribution with parameter pP[X =x] =pX(1 p)F *
o for xI {0,1}
AUniform distribution over {1, 2, ..., m}:

P[X =K] = fx(k):% for1¢ k ¢ m
ABinomial distribution (coin toss n times repeated; X: #heads):
PIX =K = fx (k)=§e§§pk(1- Pk
APoissondistribution (l\</vith ratd ):
oy,

PIX =K]=fx (K)=€" "

AGeometricdistribution (#coin tosses until first head):
P[X =K] = fx (K)= @- p)*p
A2-Poisson mixture(with a,+a,=1):

k k
P[ X =K] :fx(k):ale'/l% + aze"Z/L
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Important Continuous Distributions

AUniform distribution in the interval [a,b]
f(X)= bi fora¢ x¢ b (0 otherwisg
- a

AExponential distribution (z.B. time until next event of a
Poisson process) with rdte= limy,_ , (# events irbt) / Dt :

fx(x)=/¢e’* forx2 0(0 otherwisg
AHyperexponential distributionfx (X)= p/1€ X +(1- p)/ & /2

o T .
APareto distribution:fy (X) - %%8 for x > b, 0 otherwise
(;v -
Exampl e off aial Adie adiy&xt(%) i l:;(g?:q_—lt i 0 n
1

Alogistic distribution: Fx (X) = ——;
1+e
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Normal Distribution (Gaussian Distribution)
ANormal distribution N(ms?) (Gauss distribution; Y. '
approximates sums of independent, fy (0= g2
X e
identically distributed random variables):' X W

ADistribution function of N(0,1):

DA4Z19681U0 ‘i%‘“ e B
X2 g g .:;(E!{i;?.‘ : b E
— ~ ;.a , ‘; g ; == B
-0 210 = i‘ Sl P T %
. E
Th " -.'.',A,-‘,_...‘L.j L_, e & ‘f_;."'ﬁ\"' HED 3
eorem: AN

Let X be normal distributed with
expectatiormand variance?.

Then vy:=2=1
S
IS normal distributed with expectation O and variance 1.
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Normal Distribution lllustrated

''''''' T T
! ! 10 L ‘ I

po gpems AT
. / \ p=-2 2:0.5:— QOG'_ ﬁ;_z 02:025—/ //// ]
3, /N 3, iy d
VAN | NIV |
o /%/,j$f‘fﬁ\--‘- oo —] K//
pdf of Normaxldistributions cdf of NormaTdistributions
with differentparameters with differentparameters

one standard
deviation
I_H
/w— 68% of data —v\
95% of data
1/ 99.7% deau \\ + )
, \sz —xon area
5 L = 0 2 3
Lot ‘ 2F (a) 1

standardNormalN(0;1) %m%
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Multidimensional (Multivariate) Distributions

Let X, ..., X, be random variables over the same prob. space
with domains dom(X), ..., dom(X,).
Thejoint distribution of X, ..., X has a density function

with a a fxl _____ Xm(xl"' Xm) =1
¥l don( X1)  xml don( Xm)
or ﬁ ﬁ le _____ Xn(Xl,...,Xm) de...Xm:

dom(% ) dom(X, )

Themarginal distributionof X, in the joint distribution
of Xy, ..., X, has the density function

4.8 & ..afy
X X-1%+1  Xm

Ao A A A Txg o X (X0 Xm ) DXy O dXop .0
X1 Xj-1 Xj+1  Xm
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Important Multivariate Distributions '

multinomial distribution (n, m) (n trials with msided dice):

~

P[ X, =k @.. DX, =k.] = f K 2" 0k okm
[ 1= M- m — m] - Xl,...,Xm( 1’---km)—£1 K 8p1 . -Pm
(;’ - mT

with = gi=
Ry kD Kl ki

multidimensional normal distribution £ S ):
1 CCT..1,CC
()’ 5T m

Bivariate Mormal

SO X- M
X1, X (X) = e

A
AN
)00
A ' 0 ‘ ‘
= !ﬂ:?t:‘ "‘
s

e
e sasate e terete sl

with covariancematrix S with S;; := Cov(X;, X)) e
and determinantS| of S
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Moments

For a discrete random variable X with densjty f

E[X]=k|,é|v||< fx (k) is theexpectation value (meargf X

E[X']= ak' fx (k) is thei-th momentof X
ki M

V[X]=E[(X - E[X])°]=E[X?]- E[X]? is thevarianceof X

For a continuous random variable X with densjty f

+0

E[X]= mxfx (X)dx IS theexpectation valuef X

-0
+o

E[X']= a X fx(x)dx is thei-th momentof X

-0

V[X]=E[(X - E[X])%]=E[X?]- E[X]? is thevarianceof X

TheoremExpectation values are additide] X +Y ] =E[ X] +E[ Y]
(distributions are not)
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Properties of Expectation and Variance

E[aX+b] = aE[X]+b for constants a, b

E[X+X,+...+X ] = E[X,] + E[X,] + ... + E[X]
(l.e. expectation values are generally additive, but distributions are |

E[XY] = E[X]E[Y] if X and Y are independent

Var[aX+b] = & Var[X] for constants, b

Var[X +X,+...+X | = Var[X,] + Var[X,] + ... + Var[X]
if X, X,, ..., X, are independent RVs

Caution distributionof sumsof independenRVsgivenby convolution

Z=X+Y (non—negative) |
(Z) — P[I’Q( y) ¢ Z] X(X)F (Z -X) dX Cpnt!nuqus

distribution
discrete

F(z) = Plriky) ¢ z] =q Z:o (X F (z- X) distribution

X
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Correlation of Random Variables @@

Covarianceof random variables Xi and X|::
Cov(Xi, X)) == E[ (Xi- E[Xi]) (X]- E[X]])]

Var( Xi)= Co\ Xi,Xi) = E[ X?] - E[ X]?

Correlation coefficientof Xi and X Examples

Cov(Xi, Xj) §| Eellgdht X)j(i. Welgh:]t
. . 1. km/day, Xj: weig

Var(Xi}Var(Xj) Xi: ucar, Xj: income

r(Xi, X)) :=

Conditional expectatiorof X given Y=y:

ga xf X|Y (X]Yy) discrete case

EIX|Y = o
[ | y] _,} ﬁ(fX|Y (X | y) dx continuous case
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Generating Functions and Transforms .&

X, Y, .... continuous random variables A, B, ...:discrete random variables wi
with non-negative real values non-negative integer values

M (s)=Re" £, (x)dx = E[& ] GA(z)=_éZioi f\ (i) =E[Z' ]
0 |

momentgeneratingfunction of X generatingfunction of A
(~ Laplace Stieltjestransform) (z transform)
L (i) OQ

Examples: |

exponential fy(x)=ae* - 0 (i) i

k
. 4 a ]
Poisson fA(k):e""W - Gu(z)=¢&F1

Convolutioneasywith M or G: product
Moments easyo derivefrom M or G
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Inequalities and Tail Bounds
Markov inequality:P[X 2 t] ¢ E[X]/t  fort> 0 and nomeg. RV X

Chebyshewnequality: P[ |X- E[X]| 2 t] ¢ Var[X] / t°
fort > 0andRV X

Chernoff-Hoeffding bound P[X 2 t] dnf {e' qt Mx(q)| g @}

Corollary::Pgia X - % 2t gme-Zntz for Bernoulli(p) iid. RVs
n

U Xy oy Xoand anyt > 0
Mi || 6s i R&ded g \Ee for N(0,1) distr. RV Z
andt>0

CauchySchwarz inequality:E[XY: ¢ \/E[X AE[Y 1

Jensenos E[gM)? wgE[X]) for gonvex function g
E[g(X)] ¢ g(E[X]) for concave function g
(g is convex if for all £[0,1] and x, X,: g(cx, + (1-C)x,) ¢ cg(x) + (1-c)g(X,))

IRDM WS 2015
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Example: Tall Bounds

Repeatointossesl00times n=100 Random variable
Assumefair coin: p=0.5 X: #heads
Observemanyheads k=90

Markovinequality.
" . O] vuT

Ol Q=5 o

Chebyshewnequality.

~
7

0@ Q@ ofld dall Q@ Oal]
= ° TELP ¢
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Convergence of Random Variables .&

Let X,, X,, ..beasequencef RVswithc d fFQFs, ...,
andlet X beanothemRV with cdf F.
AX, convergedo X in probability, X, - » X, if for everye> 0
P[X,-X|>€]- Oasn- =
AX, convergedo X in distribution, X, - 5 X, if
im  , F,(X) = F(x) at all xfor which F is continuous
AX, convergego X almostsurely, X, - X, if P[X, - X]=1

convergesalmostsurelyY convergesn probability
convergesn probability Y convergesn distribution
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Laws of Large Numbers .&

weaklaw of large numbers(for X, =&, ,X;/n)

if X4, X5, ..y Xy, ... a@reiid RVswith meanE[X], then X - ,E[X]
thatis: lim. ., P[| X, - E[X]| >]e O

stronglaw of large numbers

if Xq, Xy, ... Xy, ...areiid RVswith meanE[X], then X - _ E[X]
thatis: P[lim__ , | X,- E[X]| >]e0
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Poisson Approximates Binomial

Theorem:

Let X be a random variable with binomial distribution with

parameters n and p a#n with large n and small constamk< 1.

k
Then lim,.. & fx(k):e'a%
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Central Limit Theorem '

Theorem:

Let X, ..., X, be independent, identically distributed random variab
with expectationmand variance?.

The distribution function Fn of the random variableZ X, + ... + X
converges to a normal distribution M{ms2)

with expectation mand variance sv:

. Zo-NMm
lim,. , P[ac¢ L ¢b]=F(b)- F(a)
ns
Corollary:
— n
X ::% a X; converges to a normal distributioni&4/n)
i=1

with expectatiormand variance?/n .
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Example: Useof Central Limit Theorem

A.3 Statistical Tables

X;: 1id Bernoullitrials with p=0.5

E[Xi]=p, Var[X;]=p(1-p)
Z.: sumof the X;, 1=1..100

Table 3
3 -11/2

€

The Normal Distribution Functions &(z) = —dt
®= ) e Vo

. . . . T 0.00 0.01  0.02 0.03 0.0, 0.05 0.06 0.07 0.08 0.09
Z IS a rOX” | latel Orl I lal dIStrIbuted 0.0 50000 .50599 .50798 .51197 51595 51990 50392 52790 .53188 .53506
N 0.1 .SIONT .SWIRN LSHTTA LSS172 59547 55942 .S6356 SETUQ .S7142 57535
0.2 57974 .58317 .S870& .5909% .S9UR3 .TOB71 L0257 .4DEWD 41024 41409
- 0.3 61791 .62172 62952 62930 .63307 43681 64056 64431 64803 65173
Wlth E Z — n — 50 and 0.5 454D .45910 .86076 .64EMD LATO03 .&T36N .AT724 40082 L68439 L EBT9D
n 0.5 69146 .&FWFT ,69BNT .T019% .70S40 .7088% .71226 .71546 .7190% 72240
0.6 70575 .72907 73237 .73565 .73991 L7215 (74537 74857 75175 L7590
0.7 .75004 .76115 .76424 76730 .7703% .77337 .77637 77935 78230 .7852%
Var Z — 1 n — 0.8 .7B81Y% 79103 79387 .79473 79955 .R023u 80511 80785 .01057 .01327
- - _— 0.9 .8159% .B18S9 .02121 .82381 .B2630 .B2APN .03147 63398 ,S3e46 .83BY1
n 1.0 84134 .BU37S .BUS1N LP4AN? .BSOB3 .BSIin .ASSHT L0577 L6593 L8414
1.1 #6433 .B44S50 .B68LW .BT076 .BTIRG .BTUDI .B7L98 .B7900 .88100) ,BSD98
1.2 _BRUST .BS4B6 B8A77 .B90LT ,S92%1 LOY3L BYALT BYI9a 89973 90147
1.3 .90320 .90490 90450 .P0BIY 90986 .9114% .F1306 91466 .91621 91774
1k .91924 .02073 97200 L9236 92507 92647 .92785 92922 .93056 .93189
1.5 (03319 L9IMLR _9ILTH L1609 L CIGDZ 9IGNT OW0LD U170 W29 . PUN0E
1.6 .ouna0 LONAZN LONTIC L ONBYS LONSS) LUS5053 95150 95254 95352 _9TUNT
. 17 .ONMZ OSLTT .9STIE .GSBIR .95907 .9509h .CA0B0 .PA144 ,TA2E 96327
[p— . 1B .96UNT .CANAS .98%6D .O6LTN .9ATIZ ,967Tn 04856 94926 .94995 97062
Z_— IS approx -~ N(O 1) 1.9 .97128 97193 97257 .97320 .97381 971 .07500 .97S5E .97615 .97670
’ 20 97705 .97772 .07831 97880 .97933 07902 98030 .98077 .99124 98149
21 98214 .9NDST .98200 .9SIn1 .PBIRD ,PAUDD .9ENL] 9GO0  £a53T .OBS?Y
22 98610 .O04NT .OB4T9 .9ATIT .9074S 93770 .9BA0Y .90040 .9ABTD .9PADY
2.3 .92°08 .70954 98981 .99010 .99074 (99041 99086 .99111 913 .9915R
2% (99180 .99207 99024 .992MG 99244 99204 .9DADG 79324 ,99INT 99341
2.5 99379 .99104 .99413 99430 .9ULS .9OMA1 ,OUNTT .U 99504 ,$I520
2.6 99534 90547 LO9SA0 (99573 99085 90598 99409 9421 97632 . T96WE
2.7 09453 99664 L9767 L9968 ,©9491 09702 99711 .97720 .$9720 ,9973E
28 .9974h 995D 997640 99767 .9F77M .00781 .99TAR .0079% ,09L01 99307
oo ~ 2.9 99817 L9919 .99475 99831 ,P9BIL .99AM1 .99BUA .99BSI .9YBGL . 9ORs)
—_ 3.0 99865 .9v859 .9FEIY ,99R7N .PYAND .O9AOS .9VARY .9YAY3 .9IBIE .99000
= UVlW ()] U W — p l_lJ 3.1 .9990% 99904 .99910 99913 .99914 99918 99921 .99F24 99926 .9Y929
~ - ~ 3.2 99931 99934 .99934 99930 .O00N0 99942 .99THN .79VE .9TIUE ,OHYSO
5 ” 3 ” 3.3 99952 .90US3 99955 09957 _GUPSH ,OURL0 L999L1 .FITLL .T9TLL .9UPLS
- U [(D U W = F b 99966 .900L8 .9FT6Y 97970 09971 99972 99973 .09TTH 99975 79976
3.5 .9o0i7 90078 0YSTB 99979 .9900) .5O0R1 .999B1 997D 99983 .99993
5o v 3.6 .9o0au .9U9AY L0S9RS | O9OR4 . 99PNL L PYDA7 99987 999G 99985 .099AV
—_ 3.7 .999RC 99990 95090 99990 79991 90001 09O0D 9ORED 99997 GUYYD
- U w U q) U w p — p F (p) 3.8 00903 ,Qu0nl 09003 L OFUFY QYUY FOPFN  R99F LOUG9E,  QLQOS  0uRorn
0[d ved] U QO pPD F(p®
orm e td 0 ¢ & p =0[¢ ] O[c ]
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Elementary Information Theory @9

Let f(x) betheprobability (or relativefrequency of thex-th symbol
In sometextd. Theentropy of thetext . 1
(or theunderlyingprob.distributionf) is: H(d)_?( f(x)log f(x)

H(d) is alower boundfor the bits persymbolneededvith optimal coding

Fortwo prob.distributionsf(x) andg(x) the
relative entropy (Kullback -Leibler divergencg of ftogis

f(x) relativeentropymeasures
D(f|g):= a f(x)logy——" (dis-)similarity of probability
9(X)  or frequencydistributions

D isthe averagenumberof additionalbits for coding
eventsof f whenusingoptimalcodefor g

JensenShannondivergenceof f(x) andg(x): -0 "J'Q -0 "&Q

Crossentropy of f(x) to g(x):
H(f,g):=H(f)+D(f|g)= - a f(x)log g(x)
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Compression

AText is sequence of symbols (with specific frequencies)

ASymbols can be
Aletters or other characters from some alph&bet

Astrings of fixed length (e.g. trigrams)
Aor words, bits, syllables, phrases, etc.

Limits of compression:
Let p be the probability (or relative frequency)
of the +th symbol in text d
Then theentropyof the text:11 () = ? P IOgZp_
IS alower boundfor the average number of bits per symbol
In any compression (e.g. Huffman codes)

Note:

compression schemes suclZasLempel(used in zip)

are better because they consider context beyond single symbols;
with appropriately generalized notions of entropy

the lowerbound theorem does still hold

IRDM WS 2015
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Example Entropy and Compression

Text inalphabe = {A, B, C, D}
P[A] = 1/2, P[B] = 1/4, P[C]=1/8, P[D]=1/8

H(S) = 1/2*1 +1/4*2 + 1/8*3 + 1/8*3 = 7/8

Optimal (refix-free) codefrom Huffman tree:

A- O
B- 10
C- 110
D- 111

A: 1/2 B:1/4 C.1/8 D: 1/8
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Summary of Section3.1

ABayes 6 Tvargsimple, very powerful
ARVs as a fundamental, sometimes subtle concept
Arich variety of wellstudieddistribution functions
Amomentsand momengenerating functions capture distributions
Atail bounds useful for nortractable distributions
ANormal distribution: limit of sum of iid RVs
AEntropy measures (incKL divergence)
capture complexity and similarity of prob. distributions
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Additional Literature for Section 3.1

A A. Allen: Probability, Statistics, and Queueifigeory
With Computer Sciencapplications, Wiley 1978

A R. Nelson:Probability Stochasti®rocessesindQueueingrheory
Springerl995

A M. MitzenmacherE. Upfal: ProbabilityandComputing,
CambridgdJniversity Press2005

A R. Duda, P. Hart, D. StorlPatternClassification Wiley 2000,
Appendix A

A M. Greiner, GTinhofer. Stochastik fiir Studienanfanger
der Informatik, CarHanser Verlag, 1996

A G. Hibner: Stochastik: Eine Anwendungsorientierte Einfiihrung
Informatiker Ingenieure uniathematikerVieweg & Teubnef009
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Reference Tables on Probability Distributions and Statistic

Appendix A

Statistical

Table 1A. (continued)

Random
Variable Parameters o(+)
Tables N (N~
k)\n—k

Hypergeometric N >0

p(k) =

A.1 Discrete Random Variables n k>0 k=0,1,...,n, where
3 . ; k<randn—-k<N-r.
Table 1A. Properties of Some Common Discrete Random Variables!
Random T1\ (T2 T
Variable Parameters p(+) ! k k) \k
Multivariate Yori=N plkika,... k) = A2 i,
i=1 N
Bernoulli 0<p<l1 k) = pFq'=F n
P £(=)0 lp 1 Hypergeometric for k; € {0,1,...,n}, ki <7; Vi
? 1
and Z k; = n.
i=1
Binomial n p(k) = (:) ot ",
0<p<l k=0,1,...,n Geometric 0<p<l pk)=q¢p, k=0,1,....
. . e T\ n! ki, k2 .. kr -
Multinomial n,r,p;,k; p(k) = PR -~k,.!p1 Ps Py Pussal 0<p<l k) = (r +: 1) "o
Z pi=1 (negative r positive
i=1 binomial) integer k=0,1,
=
> ki=n, where k= (ky,ks,..., k)
i=1 k
Poisson a>0 p(k) = e“"?c—', k=0,1,
'g=1-p

IRDM WS 2015
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Table 1B. Properties of Some Common Discrete Random Variables?

Table 2A. Properties of Some Common Continuous Random Variables

Random
Variable Parameters Density f(-)
Uniform a<b 5 1 ,a<z<b, 0otherwise
—a
Exponential a >0 f(z)=ae %, >0, 0ifz<0
_alar p-1 —-az
Gamma B,a>0 flz) = T3 e , >0
0, z2<0
k-1
Erlang-k k>0 flz) = %e'“’“, z>0
u>0 0, z<0
k
Hi?® G, >0 f() =) quie™™*, z>0
i=1
k
YL L g =220
j=1 i K
2)-1) —z/2
Chi-square n >0 f(z) = x(;';/ ;F(n?;):/ ,z>0, 0ifz<0
2
S | _1z—p
Normal >0 f(z) - exp ( 2£—01—L)
—(n+1)/2
Student’st n flz) = mrT(n/2) (1 +%= )
n/2 ((n/2)-1)
F s P)= (n/m)"°T[(n + m)/2]z

= T(n/2)T(m/2)(1 + (njm)z)F™ 72 &> 0

Random z-transform
Variable g(2] E[X] Var[X]
Bernoulli q+pz p Pq
Binomial (g +p2)* np npq
Multinomial (pr1z1 +p2z2 E[Xi]= Var[X;] = npig
+otpez)® npy
. N-7)(N-n
Hypergeometric — nr el )N —n)
g N N3N -1)
Multivariate
Hypergeometric — — —
Geometric e = 2
1-gz P P’
Pascal pr(l—gqz)™" z %
p p
(negative
binomial)
Poisson ex(2-1) a a
2 =1-pi
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3Hyperexponential with k stages.

Source: Arnold O. Allen, Probability, Statistics, and Queueing Theory
with Computer Science Applications, Academic Press, 1990
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Source: Arnold O. Allen, Probability, Statistics, and Queueing Theory
with Computer Science Applications, Academic Press, 1990
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