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introduction



multilinear polynomials

determinant

detn(X) = > sign(m) [ Xin()

TESy ie[n]

permy(X) = Z H Xix(i)

mESy i€[n]

permanent

symmetric polynomials

Sn’d(X) = Z H X

TC[n):|T|=d ieT



multilinear complexity [Nisan-Wigderson|

a polynomial is multilinear if individual degrees are at most 1

multilinear circuit!

v=wv1 X v = var(vi)Nvar(va) =0

multilinear ABP: no variable appears twice on a — b paths

what are multilinear complexities of multilinear polynomials?

syntactic
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multilinear world

all simulations preserve multilinearity, except depth 3

[Raz, Raz-Y]

circuits are super-poly stronger than formulas
[Dvir-Malod-Perifel-Y]

ABPs are super-poly stronger than formulas
[Raz-Y]

circuits of depth® d + 1 are super-poly stronger than depth d



lower bounds

[Raz]

multilinear formulas for det, or perm, are of size nf(log n)

[Shpilka-Raz-Y]
Q(n*/3) multilinear circuit-size lower bound
[Raz-Y]

o . . . Q(1/d
depth d multilinear circuits for det,, or perm, are of size 2" @9



lower bounds



outline

I. identify a weakness of multilinear formulas

Il. exploit it, preferably combinatorially



weakness different grading

lemma

if fis n-variate multilinear formula-size s then
S
f= zzjéﬁ
i=1
where each gj is log-product:

8i = 8i18i2" " 8it

with t = Q(log n) and there is a partition of X to Xi1,..., X so
that
[Xij| > n'/?

and
var(gij) € Xi



exploiting weakness

to exploit weakness find a “measure” that is
» small on log-product
> sub-additive

> large for some polynomial of interest



exploiting weakness

to exploit weakness find a “measure” that is
» small on log-product
> sub-additive

> large for some polynomial of interest

[Nisan] the partial derivative matrix

[Raz] random partitions



partial derivative matrix

given f € F[Y, Z] define a matrix M = My by
Mp.q = coefficient of pq in f

where p, g are monomials in Y, Z
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partitions

a polynomial f € F[X] is a vector not a matrix

given T : X — Y U Z the polynomial
fr(Y, Z2) = f(w(X))

comes with the matrix M, = Mg,

there are many such matrices for f

can choose one after seeing the alleged formula



criterion

f has full-rank if for every partition 7w of X to two parts of equal
size the partial derivative matrix M,; has full rank



criterion

f has full-rank if for every partition 7w of X to two parts of equal
size the partial derivative matrix M,; has full rank
theorem [Raz]

if f has full-rank then every multilinear formula for f has size at
least n(logn)



properties of rank

1. if f = gh then Mf = My ® M}, and
rank(Mg) = rank(Mg)rank(My)
2. if f =g+ hthen M¢ = My + M), and

rank(Mr) < rank(Mg) + rank(Mp)

rank(My) < 2mir{IYLIZI} < o(n=4)/2

where

A=ly|-|Z||



lemma (random partitions)
X is partitioned to X1, ..., X; each of size n; > n'/2
choose uniformly at random a bijection

T X—=>YUZ

where | X| =nand |Y|=|Z| =n/2

then
Pr [ < /1% for all j| < n=t/1000

where
Aj =1l -1Zl|

and Y}, Z; come from 7(X;)



intuition

idea

1. “independence”

Pr [AJ- < n'/100 for all j] ~ H Pr [Aj < nl/loo}
J

2. “anti-concentration”

o 1/100
1/100 —1/1000
Prlay < nt/1%] g S <Y

n.
J



LB: the calculation

write f = >"% | gi where g; is log-product with s < nlog(n)/1000

choose a partition 7 at random and set M = M,



LB: the calculation
write f = >"% | gi where g; is log-product with s < nlog(n)/1000

choose a partition 7 at random and set M = M,

1="Pr [rank(l\/l) = 2"/2] = Pr

rank (Z I\/I,-) = 2"/2]

i

< Pr [Z rank(M;) > 2”/2] < Pr [ai rank(M;) > 2"/2—'°gs}

< Z [rank > on/2- 'Ogs
= Z |:H rank(M; j) > n/2-logs
< Z [ J| < nt/1% for all _j < 5. pogn)



again

if f has multilinear formula of size s

weakness: write f as a sum of s log-product polynomials

randomness: if s is small then there is a partition that makes all
log-products of “low rank”

full rank: f has full-rank so s is large



full-rank polynomials



[Raz]

both det, and perm,, are full-rank with respect to some “rich
enough” family of partitions



separating circuits and formulas [Raz-Y]

let X = {x1,...,xn} and Y be extra variables

for b — a =1 define
Pa,b = Xa + Xp

and for b — a odd inductively define

Pab = Vab(Xa + Xp)Pat1,6-1 + Z Va.b.k Pa,kPk+1,b
k:k—a odd



separating circuits and formulas [Raz-Y]

let X = {x1,...,xn} and Y be extra variables
for b — a =1 define

Pa,b = Xa + Xb
and for b — a odd inductively define

Pab = Vab(Xa + Xp)Pat1,6-1 + Z Va.b.k Pa,kPk+1,b
k:k—a odd

properties
1. p,p has a multilinear circuit of size poly(n)

2. pap is full-rank with respect to X, , over F(Y)



separating ABPs and formulas [Dvir-Malod-Perifel-Y]

for b — a =1 define
Pab = Xa + Xp

and for b — a odd inductively define
Pa,b = y1.a.bpa+1,b—1(xa + Xb)

+ Y2,a,bpa+2,b(xa + Xa+1)
+ V3.2, 6Pa,p—2(Xp—1 + Xp)

where addition is modulo n



separating ABPs and formulas [Dvir-Malod-Perifel-Y]
for b —a =1 define
Pa,b = Xa + Xp

and for b — a odd inductively define

Pa,b = y1.a.bpa+1,b—1(xa + Xb)
+ Y2,a,bpa+2,b(xa + Xa+1)
+ V3.2, 6Pa,p—2(Xp—1 + Xp)

where addition is modulo n

properties
1. pap has a multilinear ABP of size poly(n)
2. pap is not full-rank with respect to X, over F(Y)

3. formula lower bound can still be proved



lower bounds for ABPs?

no strong lower bound for multilinear ABPs

conjecture

if £ has full-rank then any multilinear ABP for f has super-poly size



summary



many natural multilinear polynomials
multilinear devices are a natural way to compute them
know how to prove strong lower bounds for multilinear formulas

grading multilinear polynomials by number of variables

what about ABPs or circuits?



