Complexity of Matrix Multiplication and Bilinear Problems

[Lecture 1 — Exercises]

Exercise 1
Let g be a positive integer. Consider the following three tensors:

" =Y1 20y ®z,
T2 = 27?21 xi®y®zi7
T3 =30 ,20y®z

Each of these three tensors is isomorphic to the tensor of some matrix multiplication. For each i €
{1,2, 3}, identity the value of m;, n; and p; such that T; = (m;, n;, p;).

Exercise 2
For any positive integer r, let (r) denote the tensor

s
(r) =Y 20y &z
i=1

What does this tensor represent?

Exercise 3
Lett € F* @ F* @ F* and ¢’ € F¥ @ F¥ ® F“ be two tensors. We say that ¢’ is a restriction of ¢, and
write ¢ < ¢, if there exist three linear maps
a: Fv 5 v
BT’ — FY
~v: FY — F’
such that (a ® B @)t =t'.

(i) Check that for any tensor ¢ the rank of ¢ is the smallest integer 7 such that ¢ < (r).
(i) Check that R(¢') < R(t) holds for any two tensors ¢, ¢’ such that ¢’ < ¢.
Exercise 4

Lett € F@F’ @ F* and t' € F¥ @ F” @ F*’ be two tensors. We say that ¢’ is a degeneration of ¢, and
write ¢’ < t, if there exist three linear maps

a: FIN* — F\Y
B: F[NY — F[\Y
v FIAY — FIAY

and a nonnegative integer ¢ such that such that (o ® 8 ® ¥)t = A’ + At1¢” for some tensor t” €
FIAY @ FIA]Y @ F[A]Y.



(i) Show that ¢’ <t implies ¢ < t.

(ii) Check that for any tensor ¢ the border rank of ¢ is the smallest integer r such that ¢ < (r).

(iii) Check that R(t') < R(t) holds for any two tensors ¢, ¢’ such that ¢’ < ¢.

Exercise 5

Consider the computation of the product of two matrices A and B of the following form

o ae a bi1 bi2

A:( 11 a12 13)’ B by 0
0 az a3

bs1 O

(i) Write the tensor corresponding to this computational task.
(i1) Show that the border rank of this tensor is at most 5.

Hint: you can start by expanding the expression

(a11 + Na13) ® by @ (c11 — Aci2)

+ (a11 + Nag) @ (ba1 — Abi2) ® c21

+ (a11 + Aaz3) ® (b1 + Ab12) ® (ca1 + Aci2)
—a11 ® (ba1 + b31) ® (c11 + c21)

and see what you obtain.

Exercise 6
Let n = 2¢ 4+ 1 be an odd integer.

(i) Verify that the size of the set

{(i,j, k) e{—l, .., 0} x {4, 0} x{—l,., 0} |i+j+k= 0}
. 7’L2
is at least ST.

(i1)) Show that

Remark: The same results hold for even n as well.



