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Jx) > ) + (Vi) x —x,)
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Today: build better lower bounds, converge faster
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Next best choice: a convex combination



Towards Better Lower Bounds

~ Suppose we have queried the gradients at x, ..., x,

~ Each gradient Vf(x;) gives us a lower bound on f(x*)
) > f0) + (V) x —x) Vi=1,...1

[
. Letay,a,,...,a,> 0 be any positive weights and A, = Z a.

=1
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~ The gradients seen so far give us a combined lower bound:
l

J&x) > Aiz <aif(xi) + q; < V(x), x — xi>>
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" Recall the gradient descent approach:

1
X4 = argmin {f(x» (V@) x—x)+5— | x=x|° }
x€K . J 2

— 5 (. )
next iterate lower bound proximity term

"~ Following the GD framework:

, 1 ¢ 1
z, = arg min {XZ <aif(xi) + a, < Vf(xl-),x—xl-> +2—’7t | X =20 || 2)}

xeK t iy
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Towards an Algorithm

We have settled on the following main iterates:

! 1
z, = arg min { Zai<Vf(xl-),x> +E H X — 2 ” 2}
i=1 t

xekK

Following GD, we can return the average of the iterates,
but we will incorporate the weights {a,}:

2;1 a;
At
For {x,}, we use a similar approach, but with a twist:
ZZ Q;z; + 4,7,
Al
The choice of weights {q4,} will follow organically from the
analysis

{p =

Xy =



Accelerated Methods

AGD+ algorithm [Gasnikov, Nesterov 2016; Cohen et al. 2018]

[
Choose 7, € K, weightsa, > 0, A, = Z a;

i=1
Fort=1,...,T:
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z, = argmin { Zai<Vf(xi),x> +§ | X =2 || 2}
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Return Z; := Z —Z,
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Accelerated Methods

AGD+ algorithm [Gasnikov, Nesterov 2016; Cohen et al. 2018]

4
Choose 7, € K, weights a, = O(1), A, = Z a;, = O(t%)
i=1

Fort=1,...,T:
1
Zt.j az; + az,_ =0 — | optimal
X, = —— €
A

z, = argmin { Zai<Vf(xi),x> +§ | X =2 || 2}

ek
A i=1

T

_ 4
Return Z; := Z —Z,
=1
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Our combined lower bound gives us:
A f(x*) > Z a,f(x;) + Z a. < Vfx;), x* — xi>
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AGD+ Analysis

We have shown:
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AGD+ Analysis

We have shown:

fa®) > A% (Zaif(xi)—g (B g Z}al.(vf(xp,zt—xi) +§ | z—zo || 2)

i=1

=L,

Thus f(z) - f(c*) < fZ) - L,
Next, we analyze how the lower bounds are evolving:
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AGD+ Analysis

The optimality condition for z,_, gives us:

—1
< Z a;Vi(x)+p (z,_l — Z()),Zt_l — zt> <0

i=1
1 1

|
Rearranging and using the identity ab = E(a + b)* — Eaz — 5192:
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We have
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The optimality condition for z_, gives us:
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We combine the two and obtain

p
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AGD+ Analysis

We have shown:
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AGD+ Analysis

Thus we have:
At (f(zt) _ Lt) _ At—l (f(zt—l) — Lt—l)
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AGD+ Analysis

Thus we have:

At (f(zt) _ Lt) _ At—l (f(Zt—l) - L—l)

_ p
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AGD+ Analysis

Thus we have:
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AGD+ Analysis
Thus we have:
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A, (f(zt) — Lt) —A,_ <f(Zt—1) — Lt—l) < EAI H Z —x, H 2 p

2

want it to be small

R

We can choose x, to make the upper bound small

We need to make the two distances become related:

Zr— X =4 (Zt — Zt—l)
=> X, =7Z,+ 4 (Zt—l — Zt)
A 1Z tAAZ  + (at — At;tt) <t
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AGD+ Analysis

Thus we have:

p

A, (f(zt) — Lt) —A,_ <f(Zt—1) — Lt—l) < EAI H Z —x, H 2 p

2

R

want it to be small

We can choose x, to make the upper bound small
We need to make the two distances become related:
Z,—x, =4 (z[ — Z,;_1>
=>x, =7+ (2., —z)
A 7,1 +AALz |+ (at — At}tt) Z,
At

We need to compute x, without access to z;:

a;
a,— AL =0= 4 =

A,
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Thus we have:
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A, (f(zt) — Lt) —A,_ <f(Zt—1) — Lt—l) < EAI H Z —x, H 2 p

2

R

want it to be small
We can choose x, to make the upper bound small:

_ —1
AiZm T a2 Zi=1 aic; T 4yl
=
A, A,

Thus we obtain

_ B i a2
A (fiz)—- L) —A,._, (f(zt_l)—Lt_l)gz Af_l =2 |2
4
\/—/?
£ 0 |
wo‘f\'\_ O:; EAE :°|‘V~--\’°\&
= vt o kL)
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AGD+ Analysis

Thus we have:

p

A, (f(zt) — Lt) —A,_ <f(Zt—1) — Lt—l) < EAI H Z —x, H 2 p
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want it to be small

R

We can choose x, to make the upper bound small:

_ —1
AiZm T a2 Zi=1 aic; T 4yl
=
A, A,

Thus we obtain

2

2\ 4,

We now choose a, to make the coefficient < 0:

1 ¢ 1
al‘zzt Af:zalzzt(t_l_l)
i=1
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AGD+ Analysis
We have:

At (f(zt) o Lt) _At—l (f(zt—l) o L—l) <0

Summing up, we obtain

Ar (fzp) — Ly) <A (fz) — Ly)

1
b= (“lf%—— [+ =] "+ (Viz=n) +5 52| )
=fea) =B || ¥ =z |+ (Ve z —x) + B 1~ zll?

a, t
)<~ '0 %D

[ - =
— -
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We have:
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We have:

At (f(zt) o Lt) _At—l (f(zt—l) o L—l) <0

Summing up, we obtain

Ar (fzp) — Ly) <A (fz) — Ly)

1
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AGD+ Analysis
We have:

At (f(zt) o Lt) _At—l (f(zt—l) o L—l) <0
Summing up, we obtain

Ar (fzp) — Ly) <A, (fz) — Ly)

|
B 5<ﬁ H X =2 H 2+f(21) —f) = (VA2 = x5) = [2= | 2)
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1
B 5<ﬁ H X =2 H 2+f(21) = fla) = (Vfa). 5 —x) = | 2= 2)

<5 | z1—x || * by smoothness
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We have:

At (f(zt) o Lt) _At—l (f(zt—l) o L—l) <0

Summing up, we obtain
A (f(ZT) — LT) < A (f(Z1) — L1)

1
B 5<ﬁ H X =2 H 2+f(21) = fl) = (Vfa). 5 —x) = [a=x] 2)

<5 |z —x || > by smoothness
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AGD+ Analysis
We have:

At (f(zt) o Lt) _At—l (f(zt—l) o L—l) <0

Summing up, we obtain
A (f(ZT) — LT) < A (f(Z1) — Ll)

1
B 5<ﬂ H X =2 H 2+f(21) = fl) = (Vfa). 5 —x) = |a=x] 2)

<5 | z1—x || * by smoothness

2
Pl =
<

B 2

Thus we have our final convergence guarantee:

2
J@p) —f(x¥) < f(Zp)) — Ly <O ’ H i T2 ° H A‘T: GCTzB



Adaptive AGD+

Set the step size based on the iterate movement ||z, — z,_; ||

AdaAGD+ algorithm

—1
Zizl ai<; T A1

Xy =

A
I 1 2
z, = arg I;élll{l lzzl a; < Vf(xl-),x> | o H X =2 H
11 EEEE=
— =——11+4 V> 2

n? ’7t2—1 R*




