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Problem Definition

F: RY - RY vector-valued function, called an operator

K C R? convex and bounded constraint set

The variational inequality problem associated with F

asks for a strong solution, i.e., a point x* € K satisfying:
(F(x*),x*—y) <0 VyeKk

A weak solution is a point x* € K satisfying
(F(y),x*—y) <0 Vyek

For the operators we will consider in this lecture, a
weak solution is a strong solution and vice versa



Problem Definition

F: RY - RY vector-valued function, called an operator

K C R? convex and bounded constraint set

o,?el‘a“‘or
Computational model: operator access via firs/t-a'fder oracle

X €K | Blackbox F(x)

>

Goal: minimize number of queries x,x,,...,xr to obtain

Err(x ) := sup(F(y),x, . —y) <€
yeK



Example: Convex Minimization

Let f: RY - R be a differentiable loss function



Example: Convex Minimization

Let f: RY - R be a differentiable loss function

Consider the operator F(x) = Vf(x)



Example: Convex Minimization

Let f: RY - R be a differentiable loss function

Consider the operator F(x) = Vf(x)

The strong solutions are the minimizers of f over K:

(V(x*),x* —y) <0 Vy € K< x* € arg min f(x)

xekK
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Example: Convex Minimization

Let f: RY - R be a differentiable loss function

Consider the operator F(x) = Vf(x)

The strong solutions are the minimizers of f over K:

(V(x*),x* —y) <0 Vy € K< x* € arg min f(x)

xekK

The operator analogue of convexity is monotonicity:

(F(x) = F(y),x—y)20 Vx,yek

Throughout, we will assume that F'is monotone and continuous

For such operators, weak solutions are strong solutions,
and we can measure convergence via the error function:

Err(x) := sup(F(y),x — y)
yeK



Example: Nash Equilibria in Games

Consider a 2-player zero-sum game, such as:

@ SCISSOI’S Z

Payoff matrix:
e

P
e/ 0 —1 1
A=t 1 0 -1
S\—-1 1 0




Example: Nash Equilibria in Games

Consider a 2-player zero-sum game, such as:

@ SCISSOI’S @

Payoff matrix:

0O -1 1
A=l 1 0 -1
-1 1 0

Alice chooses a distribution p € A; over the strategies

Bob chooses a distribution g € A; over the strategies

Alice's expected payoffis f(p,q) :=p'Ag



Example: Nash Equilibria in Games

Consider a 2-player zero-sum game, such as:
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«?/ A= 1 0o -1

-1 1 0

Alice chooses a distribution p € A; over the strategies
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Bob chooses a distribution g € A; over the strategies
Alice's expected payoffis f(p,q) :=p'Ag
A pair of strategies (p*, g*) is a mixed Nash equilibrium if

f(p.q*) < f(p*,q*) < f(p*,q) Vp,q € A,
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Example: Nash Equilibria in Games

Consider a 2-player zero-sum game with payoff matrix A € R"™*"
Alice's expected payoffis f(p,q) :=p'Ag
A pair of strategies (p™, g*) is a mixed Nash equilibrium if

max f(p,q*) < f(p*,q*) < minf(p*, q)
PEA QEAn

Consider the monotone operator:

F((p,q)) = <_ vV, f(p. ).V, fp. q)) — (= Aq, Ap)
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Example: Nash Equilibria in Games

Consider a 2-player zero-sum game with payoff matrix A € R"™*"
Alice's expected payoffis f(p,q) :=p'Ag
A pair of strategies (p™, g*) is a mixed Nash equilibrium if

max f(p,q*) < f(p*,q*) < minf(p*, q)
PEA QEAn

Consider the monotone operator:
F((p,q)) = <—fo(p, q), V(D q)> = (—Agq, Ap)

A strong solution for the VI is a Nash equilibrium for the game



Example: Min-Max Optimization

2-player games are a special case of min-max optimization:
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2-player games are a special case of min-max optimization:

min max p'Ag = max minp'Ag
qEA, pEA PEA, qEA,

More generally, we can consider the min-max optimization

min max f(u, v)
uel veV

where f(u, v) is convex in 1 and concave in v
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Example: Min-Max Optimization

2-player games are a special case of min-max optimization:

min max p'Ag = max minp'Ag
qEA, pEA PEA, qEA,

More generally, we can consider the min-max optimization

min max f(u, v)
uel veV

where f(u, v) is convex in 1 and concave in v

As before, we can consider the monotone operator:

F((u,v)) = (V, fu,v), =V, flu,v))
or scdl (e I""""'('
A strong solution (u*, v*) for the Vl is an equilibrium:

max f(u*,v) < f(u*, v*) < minf(u, v¥)
vevV uel




Variational Inequalities

F: R > RY monotone operator

K C R? convex and bounded constraint set

opera for

Computational model: operator access via first-efder oracle

X €K | Blackbox F(x) .

Goal: minimize number of queries x,x,,...,xr to obtain

Err(x ) := sup(F(y),x, . —y) <€
yeK
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"Gradient” descent:

xeK

. 1
X, = arg min { (F(x,_y),x) + Zﬂx — x_1||2}
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In Extra-Gradient Descent We Trust

Extra-“Gradient” Algorithm:

| 1
X, = arg min { <F(Z,_1), u> + Z H U= 2% H 2}

uek

, 1
z, = argmin { <F(xt),u> +2—}7 H U—2z,_ H 2}

uek



In Extra-Gradient Descent We Trust

Extra-“Gradient” Algorithm:
£=9%

| 1
X, = arg min { <F(Z,_1), u> + Z H U= 2% H 2}

uek

_ |
z, = argmin { <F(xt),u> +2—;7 H U—2z,_ H 2}

uek

Unconstrained (K = R%):

X, =21 —nk(z_)
2, =21 —nFx) = Ty ""l £ (ékq - 7 F(z"c-l\>



Extra-Gradient Algorithm

Extra-Gradient Algorithm (Kor pe levieh \

Let () e K
Fort=1,.
1
= argmm{(F(Zt D> 1) "‘_ | 4= 2| }
uek
2
_ arg%{mx» g lems )]

T
Return X = T Z X,
=1




Extra-Gradient Analysis

We will analyze convergence via the error function:

Err(x) := sup (F(y),x — y)
yeK

Thus we want to upper bound Err(x;)

Analogously to GD, we consider two settings:

“non-smooth” setting: [|F(x)|| £ G Vxe K

"smooth” setting: [|F(x) — F(W)| < pllx—y|| Vx,ye K



Extra-Gradient Analysis

We will analyze convergence via the error function:

Err(x) := sup (F(y),x — y)
yeK

Thus we want to upper bound Err(x;)

Using that F'is monotone (analogue of convexity):

Err(X;) = sup <F V), Xy — y> d(Q(:in;'|\‘o/\

veK
1 < ey \ >
- = X
=S“P(?Z<F<y>axt—y>) ‘ rezs. ‘
yekK =1

< sup (%2 <F(xt),xt—y>> Wor\u‘bnft,"l"a
YERNT =1 (E(xe)-®ly), %4720



Extra-Gradient Analysis
1
We have: Err(x;) < —sup ( Z <F(xt) X, — y>> Fix ye K
r yeEK —1

We split each term so that we can use the optimality condition:

1
—argmm{(F(Zt Ds 1) "‘_ | =z | }

uek

1
o =arsmin { (. + 2 - 2}

uek



Extra-Gradient Analysis

T
We have: Err(x;) < 1 sup ( Z (F(Xt),xt - Y>>

T yeEK =1

We split each term so that we can use the optimality condition:

<F(xt),xt — y> = <F(xt),zt — y> + <F(zt_1),xt — zt> + <F(xt) — F(z,_1),x, — zt>



Extra-Gradient Analysis

We have: Err(xy) < _ Sup ( Z (F(x), X, - y))

T yEK —1

We split each term so that we can use the optimality condition:
<F(xt),xt — y> = <F(xt),zt — y> + <F(zt_1),xt — zt> + <F(xt) — F(z,_1), x, — zt>

We bound the first term using the optimality condition for z:

1
= arg min { (F(x),u) +— (R }

uek
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Extra-Gradient Analysis

We have: Err(xy) < _ Sup ( Z (F(x), X, - y))

T yEK —1

We split each term so that we can use the optimality condition:
<F(xt),xt — y> = <F(xt),zt — y> + <F(zt_1),xt — zt> + <F(xt) — F(z,_1), x, — zt>

We bound the second term using the optimality condition for x;:

1
= argmm{(F(Zt D 1) +_ | u= 2 | }

uek



Extra-Gradient Analysis

T
We have: Err(x;) < 1 sup ( Z (F(xt),xt - Y>>

T yeEK =1

We split each term so that we can use the optimality condition:
<F(xt),xt — y> = <F(xt),zt — y> + <F(zt_1),xt — zt> + <F(xt) — F(z,_1), x, — zt>

We bound the second term using the optimality condition for x;:

| 1
X, = arg min { <F(Zt_1)a M) + 2_}7 | u =z | 2}

uek

1
<F(Zt—1)’xt — Zt> < ; <Zt—l — Xp Xy T Zt>
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Extra-Gradient Analysis

We have:

<F(xt),xt — y> = <F(xt),zt — y> + <F(zt_1),xt — zt> + <F(xt) —F(z,_1),x, — zt>

1
(=) <3, (a7 132 17 [ assT)
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1
(Fam=a) <o ( w e B R EEEA



Extra-Gradient Analysis

We have:

(FOo).x%, =) = (F) 2= ) + {FG )% — 2,) + (F) = Fz )3, — 2,)

(F(x),z,—y) S%ﬂ( | z-1 =Y 7 - | 2= || - | 21— % | 2>
(Faon=3) <5 (5= 7= |55 = =3 )))
Therefore

(F(x),x,—y) Sz—lﬂ | 21— | 2_2% Iz | 2

1
+<F(xt) —F(zt_l),xt—zt> _2_}7< H Xy — Z—q H 2+ H X — & H 2)



Extra-Gradient Analysis

We have:

<F(xt),xt — y> = <F(xt),zt — y> + <F(zt_1),xt — zt> + <F(xt) —F(z,_1),x, — zt>

1
<F(Xt)9zt_y> Sz_ﬂ( H Zi1—Y ” 2 _ H Z,—y H 2 H Z i — 7, H 2>

|
<F(Zt—1),xt—zt> < 2_77< H Z_1 — 2, H 2 _ ” X -2z H 2 H X — 7 H 2)

Therefore
1 9) 1 2
FE 5 =y) S o e =y || P =5 [la=7|
telesgopes
1
+<F(xt) — Fz_1), % —z) — 2_}7 ( H X ™ L1 H "+ ” X = & ” 2)

loss ~
gain



Extra-Gradient Analysis

Next, we analyze the net loss:

1
(Fe) = Faps=2) = o (530 |7+ o= %)

loss ~
gain



Extra-Gradient Analysis

Next, we analyze the net loss:

1
(F) =P =3) =5 (5= |7+ 53 )

loss

géin
In the “non-smooth” setting, we assume ||[F(x)|| < G

We proceed similarly to the GD analysis, and obtain:

<F(x;) — F(z,_1), % — Zt> S H F(x) = F(z_y) H ” AT H quc,ka -
j\CL\wqr‘l'%'



Extra-Gradient Analysis

Next, we analyze the net loss:

1
(F) =P =3) =5 (5= |7+ 53 )

loss

géin

In the “non-smooth” setting, we assume ||[F(x)|| < G

We proceed similarly to the GD analysis, and obtain:
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Extra-Gradient Analysis

Next, we analyze the net loss:

1
(F) =P =3) =5 (5= |7+ 53 )

loss

géin

In the “non-smooth” setting, we assume ||[F(x)|| < G

We proceed similarly to the GD analysis, and obtain:
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Extra-Gradient Analysis

Next, we analyze the net loss:

1
(F) =P =3) =5 (5= |7+ 53 )

loss

géin
In the “non-smooth” setting, we assume ||[F(x)|| < G
We proceed similarly to the GD analysis, and obtain:
<F(Xt) — F(Z[—l)’xl‘ — Zt> < H F(Xt) — F(Zt_1) H H X, — 4 G CL‘VV"‘RL\\)GFI'

<(Fe | + [ FGn ] ) 52| v-ing.
<2G H X, — 2z H

1
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Extra-Gradient Analysis

Putting everything together:

1 , 1 ,
<F(Xt),xt_)’>§2—n ” Zt—l_y” —2—;7 H Zt_yH +2;,]G2



Extra-Gradient Analysis

Putting everything together:
1 , 1 ,
(F@.5=y) S50 |3 =7 " =57 3= >+ 20

Summing up and telescoping:

T

Z (F(x),x,—y) < H Zo— Y H +2nG*T
=1



Extra-Gradient Analysis

Putting everything together:
1 , 1 ,
(F@.5=y) S50 |3 =7 " =57 3= >+ 20

Summing up and telescoping:

T

Z (F(x),x,—y) < H Zo— Y H +2nG*T
=1

We set 1 to balance the two terms:




Extra-Gradient Analysis

Putting everything together:
1 , 1 ,
(F@.5=y) S50 |3 =7 " =57 3= >+ 20

Summing up and telescoping:

T

Z (F(x),x,—y) < H Zo— Y H +2nG*T
=1

We set 1 to balance the two terms:

_ @]
2GA/T
Thus
2 (FO).x=y) <26 || 0=y | VT
=1 <



Extra-Gradient Analysis

We have:

Err(x;) < 1 sup ( Z (F (X,), X, = Y>)

T yEK —1
T

D (Fx).x,—y) <2GR/T ¥ yekK

=1

Therefore we have our final convergence guarantee:

Err(x;) < O (ﬁ)



Extra-Gradient Analysis

Next, we consider the “smooth” (i.e., Lipschitz) setting:

[FC) = FO)Il < pllx=yll - Vax,y



Extra-Gradient Analysis

Next, we consider the “smooth” (i.e., Lipschitz) setting:

[FC) = FO)IF < pllx=yll - Vx,y

As before, we need to analyze the net loss:

1
‘<F(xt) — F(zt_l),xt — Zt>J — 2—;7 ( H Xy — G- H 2 + ” X — & H 2)

loss

gain



Extra-Gradient Analysis

Next, we consider the “smooth” (i.e., Lipschitz) setting:

[FC) = FO)IF < pllx=yll - Vx,y

As before, we need to analyze the net loss:

1
‘<F(xt) — F(z,_1),x, — ZI>J — 2—;7 ( H X — Zq H 2 ” X — %, H 2)

loss

ggin
Using the Lipschitz property, we obtain:

(Fx) = Fze) X =) < || Fo) = Fzop || || % —2 | ey ~
Scluwapt2



Extra-Gradient Analysis

Next, we consider the “smooth” (i.e., Lipschitz) setting:

[FC) = FO)IF < pllx=yll - Vx,y

As before, we need to analyze the net loss:

1
‘<F(xt) — F(z,_1),x, — ZI>J — 2—;7 ( H X — Zq H 2 ” X — %, H 2)

loss

gain

Using the Lipschitz property, we obtain:

(FOy) = Fzo) X —5) < || Fo) = Fzop) | || %=z €8

<p H Xp = $-1 H H X = % H Sussthaey



Extra-Gradient Analysis

Next, we consider the “smooth” (i.e., Lipschitz) setting:

[FC) = FO)IF < pllx=yll - Vx,y

As before, we need to analyze the net loss:

1
‘<F(xt) — F(z,_1),x, — ZI>J — 2—;7 ( H X — Zq H 2 ” X — %, H 2)

loss

gain

Using the Lipschitz property, we obtain:

<F(xt) _ F(Zt—l)axt — Zt> < H F(Xt) — F(Zt—l) H H Xt — & H CS

<p H Ay — L H H Xt = & H SUnd"l"ﬂ?&'

p

<7 |
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Extra-Gradient Analysis

As before, we need to analyze the net loss:

1
<F(xt) — F(Zt_l),xt — ZI>J — 2—;7 < H X, — Z,_ H 2 4 ” X —z H 2)

loss

gain

Using the Lipschitz property, we obtained:

p
(09 = P =3) <5 =5 | 7+ =]



Extra-Gradient Analysis

As before, we need to analyze the net loss:

1
<F(xt) — F(Zt_l),xt — Zt>1 — 2—;7 < H X, — Z,_ H 2 4 ” X —z H 2>

loss

gain

Using the Lipschitz property, we obtained:

p p

<F(xt) —F(zt_l),xt—zt> < > (| 2_|_5

[ 5=l

. 1 .
Thus, if we set n = —, we obtain:

1
<F(xt) —F(z,_),x,—z,) — 2—}7< H X, — 2,4 H 2 4 ” X, — Z H 2) <0

loss

gain



Extra-Gradient Analysis

Putting everything together:

4
>

» P )
(FOsx=y) < ||z =y || =5 [ 2=



Extra-Gradient Analysis

Putting everything together:

(Fa =) <2 =y =L s

Summing up and telescoping:

T
Z(F(xt)xt )’><ﬁ HZO )’H g
=1



Extra-Gradient Analysis

Putting everything together:

P P

(F(xt),xt—y H G—1 ) H N ‘Zt_y H :

Summing up and telescoping:

Z(F(x» v=) <2 a-y PSSR

Which gives us our final convergence guarantee:

Err(x;) < O (ﬂiﬂ>
7= T



Extra-Gradient Analysis

Putting everything together:

p P

(Fo)x=y) <5 =y | P =5 | a=> ||

Summing up and telescoping:

Z(F(x» v=) <2 a-y PSSR

Which gives us our final convergence guarantee:

R2
Err(xy) < O (%)

Both the “non-smooth” and “smooth” rates are optimal



Extension to Bregman Divergences

Mirror-Prox Algorithm (Newirov ski)

y : strongly convex function

Letz, € K D, (x,y) = w(x) —w(y) = (Vw(y),x —y)
Fort =1,.
= arg min { <F(zt_1), u> | 1 D, (u, Zt—l)}
uek 21
= arg min { <F(xt), u> | : D, (u, Zt—l)}
uek 21 v

1 I
Return X = T Z X,

=1




Adaptive Algorithms

Adaptive Algorithm: Iterate Movement

Let z, € K, 1y > O,R > max ||x — y|

x,yeK
1 2
u-—=,_
= e }

1
<F(xt),u> + o H U— 2z, ” 2}

Fort=1,...,T:

X, = arg min (F(zt_l), u> +

a1
{

Z, = argmin
uek

(
11 | =z ||+ =]
E— | +

ng o ong \ 2R?

1
Return X, = T Z X,

=1




Adaptive Algorithms

Adaptive Algorithm: Operator Differences

Let z, € K, 75 > O,R > max ||x — y]|
x,yeK

Fort=1,...,T:

X, = arg min <F(z )u>+ : u—z H2
4 LeK t—1/» 2;7t_1 H —1

R

M =
\/ > Feo - Feon |

| 1
Zt — arg min { <F(xt)’u> + 2}71‘—1 H U= Zt_l H 2}

uek

1 I
Return X = T Z X,

=1




