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Outline:







A continuous system is defined as an

ordinary differential equation(ODE)
x = f(x)
Where x € R™ and f is a Lipschitz

continuous vector function form R™ to R"
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Lemma 1. Given a continuous system x = f(x), an

initial set I and an unsafe set U, for any given 4 < 0,
n > 0, if there exists a real-valued function @(x) € (1

satisfying the following formulae:

conditionl: Vx€l: ¢(x)<0
condition2: Vx € R™ Lep(x) — Ap(x) — n <0

condition 3 : VxeU: p(x)=n

Then, the safety property is satisfied when t € [0,1].
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Theorem 1. I, U, A, n,@ are defined the same
with Lemma 1. Only condition 2 is replaced by

condition 4.

Then the safety property is satisfied when t € [0, T].
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Theorem 2. 1,U, A, 1, are defined the same

with Theorem 1. Only condition 4 is replaced by

condition 5. Where B is an over-approximation

set of the reachable set without time limited.
condition 1 : Vxel: p(x) <0

condition5: Vx € B: Lrp(x) — Ap(x) — <0

.
T
condition 3 : VxeU: o(x)=n

Then the safety property is satisfied when t € [0, T].
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A diagram briefly show the Theorem 2.
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An barrier certificate



Theorem 1 and Theorem 2 give some sufficient

conditions to guard a continuous system to be safe.

Next we need to find a @ satisfy (C1) or (C2)



Actually, we also have a sufficient condition to guard
B = 0 is a over-approximation of the reachable set

of the continuous system.

Vx€Il:B(x)>0
(C3) Vx € R": LB(x) — yB(x) = 0

For any given y € R, if (C3) is satisfy for B, then
B = 0 is an over-approximation of the reachable set

of the continuous system. We confusingly using B to

be the set {x|B(x) = 0} .
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Convert (C1) and (C2) to SOS feasibility problems.

We need to do SOS relaxation on (C1) and (C2).




/Find: polynomial ¢ , SOS polynomials uy, u,

Such that
—@(x) —uyl

~Lpp() + Ap(x) + 7

p(x) —u; —n

K are all sums of square.




ﬁnd: polynomial ¢ , SOS polynomials uy, Uz, U3 \

Such that

-

—p(x) —uyl

n
—Lpp(x) + Ap(x) + = — uzB

p(x) —uz—n

are all sums of square.

/




Before solving (C2), we can first solving (C3) to get
an over-approximation set B.

Vx€Il:B(x)=>0
(C3) Vx € R": L¢B(x) — yB(x) = 0

/Find: polynomial B, SOS polynomials 14 \
Such that

B(x) —uql

L:B(x) —yB(x)

\ are both sums of square. /







Consider a continuous system:

3 1

v — 4+ = 3
\y X 3x Y




Consider a continuous system:

X=y
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\ 3
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Consider a continuous system:

X=Yy

. L,
y=—X+5Xx"—Yy
\ 3

We want to verify safety when t € [0,0.5]






y = —0.2

B = 0.14276x* + 0.57689x3y + 0.073723x3
+0.26373x"2y"2 + 0.20356x2y + 0.052172x2
+0.32187xy3 + 0.12361xy2- 0.481xy
+0.37462x + 3.1289¢-08y* + 0.05861y3
-0.52215 y2 - 0.092692y + 3.3794



@ = -0.23421x2- 0.32146xy - 0.15575x
-0.021073y2 + 0.042566y + 0.32399



—0.14276 x* — 057688 x°y —._ — 3.3794 =0
3 | | T | |




THANK YOU



cl: first order continous dif ferentiable

reachable set:
Re={x(t)|t=0,x(0) e, x = f(x)}

B is an over-approximation of Re :
Rec B






