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1. The problem 



A continuous system is defined as an 

ordinary differential equation(ODE) 

𝑥 = 𝑓(𝑥) 

Where 𝑥 ∈  ℝ𝑛 and 𝑓 is a Lipschitz 

continuous vector function form ℝ𝑛 to ℝ𝑛 



Given a continuous system 𝑥 = 𝑓(𝑥), 

an initial set I and an unsafe set U . 
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Our problem: 

How to verify the safety of the continuous 

system in a bounded time ,such as 𝑡 ≤ 1? 
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2. Some sufficient conditions 



Lemma 1. Given a continuous system 𝑥 = 𝑓(𝑥), an 

initial set I and an unsafe set U , for any given 𝜆 < 0, 

𝜂 > 0, if there exists a real-valued function 𝜑 𝑥 ∈ ∁1 

satisfying the following formulae:  
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𝑑𝜑

𝑑𝑥
𝑓,is the lie derivative 
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Initial set Unsafe set 

An barrier certificate 



Theorem 1. 𝐼, 𝑈, 𝜆, 𝜂,𝜑 are defined the same 

with  Lemma 1. Only condition 2 is replaced by 

condition 4. 
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Proof: Let 𝜉 =
𝑡

𝑇
 , replace 𝑡 by 𝜉. From lemma 1, it 

is easy to see Theorem 1 hold. 



Theorem 2. 𝐼, 𝑈, 𝜆, 𝜂,𝜑 are defined the same 

with  Theorem 1. Only condition 4 is replaced by 

condition 5. Where B is an over-approximation 

set of the reachable set without time limited.  
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An barrier certificate 



Theorem 1 and Theorem 2 give some sufficient 

conditions to guard a continuous system to be safe. 

(C1)  

    ∀ 𝑥 ∈ 𝐼 ∶  𝜑 𝑥 ≤ 0 

∀𝑥 ∈ ℝ𝑛:  ℒ𝑓𝜑 𝑥 −  𝜆𝜑 𝑥 − 
𝜂

𝑇
≤ 0 

∀ 𝑥 ∈ 𝑈 ∶   𝜑 𝑥 ≥ 𝜂 

 

(C2)  

∀ 𝑥 ∈ 𝐼 ∶  𝜑 𝑥 ≤ 0 

∀𝑥 ∈ 𝐵:  ℒ𝑓𝜑 𝑥 −  𝜆𝜑 𝑥 − 
𝜂

𝑇
≤ 0 

∀ 𝑥 ∈ 𝑈 ∶   𝜑 𝑥 ≥ 𝜂 

 

Next we need to find a 𝜑 satisfy (C1) or (C2) 



Actually, we also have a sufficient condition to guard 

𝐵 ≥ 0 is a over-approximation of the reachable set 

of the continuous system. 

(C3)  
∀ 𝑥 ∈ 𝐼 ∶ 𝐵 𝑥 ≥ 0

∀𝑥 ∈ ℝ𝑛:  ℒ𝑓𝐵 𝑥 −  𝛾𝐵 𝑥 ≥ 0
 

For any given 𝛾 ∈ ℝ, if (C3) is satisfy for B, then 

𝐵 ≥ 0 is an over-approximation of the reachable set 

of the continuous system. We confusingly using 𝐵 to 

be the set *𝑥|𝐵 𝑥 ≥ 0+ . 



3. Solving with  SOSTOOLS/MATLAB 



The basic feasibility problem in SOS programming will 
be formulated as follow: 

Find  

𝑝𝑜𝑙𝑦𝑛𝑜𝑚𝑖𝑎𝑙𝑠 𝑝𝑖 𝑥 ,       𝑓𝑜𝑟 𝑖 = 1,2,… ,𝑁1 

𝑠𝑢𝑚𝑠 𝑜𝑓 𝑠𝑞𝑢𝑎𝑟𝑒𝑠 𝑝𝑖 𝑥 ,   𝑓𝑜𝑟  𝑖 = 𝑁1 + 1,… ,𝑁 
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Convert (C1) and (C2) to SOS feasibility problems. 

We need to do SOS relaxation on (C1) and (C2).  

And here we are just interest on the case that  

𝑓(𝑥) is a polynomial vector,  

and initial set *𝑥|𝐼(𝑥) ≥ 0+,  

unsafe set *𝑥|𝑈 𝑥 ≥ 0+, 

where 𝐼, 𝑈 are both polynomials. 



(C1)  

    ∀ 𝑥 ∈ 𝐼 ∶  𝜑 𝑥 ≤ 0 

∀𝑥 ∈ ℝ𝑛:  ℒ𝑓𝜑 𝑥 −  𝜆𝜑 𝑥 − 
𝜂

𝑇
≤ 0 

∀ 𝑥 ∈ 𝑈 ∶   𝜑 𝑥 ≥ 𝜂 

 

Find: polynomial 𝜑  ,    SOS polynomials 𝑢1, 𝑢2   

Such that  
−𝜑 𝑥 − 𝑢1𝐼 

−ℒ𝑓𝜑 𝑥 + 𝜆𝜑 𝑥 +
𝜂

𝑇
 

𝜑 𝑥 − 𝑢2 − 𝜂 

are all sums of square.  



(C2)  

    ∀ 𝑥 ∈ 𝐼 ∶  𝜑 𝑥 ≤ 0 

∀𝑥 ∈ 𝐵:  ℒ𝑓𝜑 𝑥 −  𝜆𝜑 𝑥 − 
𝜂

𝑇
≤ 0 

∀ 𝑥 ∈ 𝑈 ∶   𝜑 𝑥 ≥ 𝜂 

 

Find:   polynomial 𝜑  ,   SOS polynomials 𝑢1, 𝑢2, 𝑢3   

Such that  
−𝜑 𝑥 − 𝑢1𝐼 

−ℒ𝑓𝜑 𝑥 + 𝜆𝜑 𝑥 +
𝜂

𝑇
− 𝑢2𝐵 

𝜑 𝑥 − 𝑢3 − 𝜂 

are all sums of square.  



Before solving (C2), we can first solving (C3) to get  
an over-approximation set B. 

(C3)  
∀ 𝑥 ∈ 𝐼 ∶ 𝐵 𝑥 ≥ 0

∀𝑥 ∈ ℝ𝑛:  ℒ𝑓𝐵 𝑥 −  𝛾𝐵 𝑥 ≥ 0
 

Find:   polynomial 𝐵  ,      SOS polynomials 𝑢1  

Such that  

𝐵 𝑥 − 𝑢1𝐼 

ℒ𝑓𝐵 𝑥 − 𝛾𝐵 𝑥  

are both sums of square.  



4. An example 



Consider a continuous system: 
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3
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𝑦 = −𝑥 +
1
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Unsafe set   𝑥, 𝑦 𝑥2 + 𝑦2 ≤ 0.16+ 

We want to verify safety when 𝑡 ∈ ,0,0.5- 





𝛾 = −0.2 

𝐵 = 0.14276𝑥4 +  0.57689𝑥3𝑦 +  0.073723𝑥3 

+ 0.26373𝑥^2𝑦^2 +  0.20356𝑥2𝑦 +  0.052172𝑥2    

+ 0.32187𝑥𝑦3 +  0.12361𝑥𝑦2- 0.481𝑥𝑦  

+ 0.37462𝑥 +  3.1289𝑒-08𝑦4 +  0.05861𝑦3 

- 0.52215 𝑦2 - 0.092692𝑦 +  3.3794 



𝜆 = −0.4,   𝜂 = 0.2, 

𝜑 = -0.23421𝑥2- 0.32146𝑥𝑦 - 0.15575𝑥  
- 0.021073𝑦2  +  0.042566𝑦 +  0.32399 







𝑐1: 𝑓𝑖𝑟𝑠𝑡 𝑜𝑟𝑑𝑒𝑟 𝑐𝑜𝑛𝑡𝑖𝑛𝑜𝑢𝑠 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑏𝑙𝑒 

reachable set: 
𝑅𝑒 = *𝑥(𝑡)|𝑡 ≥ 0, 𝑥 0 ∈ 𝐼, 𝑥 = 𝑓 𝑥 + 

B is an over-approximation of Re : 
𝑅𝑒 ⊂ 𝐵 



SOSTOOLS is a free, third-party MATLAB toolbox for 

solving sum of squares programs. The techniques 

behind it are based on the sum of squares 

decomposition for multivariate polynomials, which 

can be efficiently computed using semi-definite 

programming. 


