Chapter 2: Basics from Probability Theory
and Statistics

2.1 Probability Theory
Events, Probabilities, Random Variables, Distributions, Monents
Generating Functions, Deviation Bounds, Limit Theorems
Basics from Information Theory
2.2 Statistical Inference: Sampling and Estimation
Moment Estimation, Confidence Intervals
Parameter Estimation, Maximum Likelihood, EM Iteration
2.3 Statistical Inference: Hypothesis Testing and Regression

Statistical Tests, p-Values, Chi-Square Test
Linear and Logistic Regression

mostly following L. Wasserman, with additions from otlseurces
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2.2 Statistical Inference:
Sampling and Estimation

A statistical models a set of distributions (or regression functions),
e.g., all unimodal, smooth distributions.

A parametric models a set that is completely described by
a finite number of parameters,

(e.g., the family of Normal distributions).

Statistical inference given a sample X ..., X how do we
Infer the distribution or its parameters within a given model.

For multivariate models with one specific ,outcome (response)“
variable Y, this is callegredictionor regression,

for discrete outcome variable als@ssification

r(x) = E[Y | X=x] is called theegression function

IRDM WS 2005 2-2



Statistical Estimators

A point estimator for a paramete® of a prob. distribution is a

random variable X derived from a random sample .X, X..
Examples:

— n
Sample mean: X = E > X
Nij=1
- L2 1 2 VAV
Sample variance: S°:=—— 3% (X; - X)

An estimator T for parametéris unbiased

if E[T]=6;

otherwise the estimator has bigg T] -6

An estimator on a sample of size rcmsistent
if lim,_ o P[[T -6|<¢] =1 for eache>0

Sample mean and sample variance |
are unbiased, consistent estimators with minimal variance.
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Estimator Error

Let én = T(©) be an estimator for parameteover sample X ..., X.
The distribution of6}, is called the sampling distribution.
Thestandard elrrorI:Orén IS: se(é )= \/Var[é]

Themean squared error (MSEjor én IS:
MSE(© )= E[(6, -6 ¥ ]
= bias? (8, )+ Var[6, ]

If blas — 0 and se- 0 then the estimator IS consistent.

The es.timat01§’n Imsymptotically Normalf
(8, —8)/ se converges In distribution to standard Normal N(0,1)
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Nonparametric Estimation

Theempirical distribution function F,, is the cdf that

puts prob. mass 1/n at each data poiintﬁrg( X)= Ezi”_l I(X; < x)
[ &=

A statistical functionalT(F) Is any function of F,
e.g., mean, variance, skewness, median, quantiles, correlation

Theplug-in estimatorof 6 = T(F) Is: é’n =T( IA:n)

Instead of the full empirical distribution, often compact data synopses
may be used, such astogramswhere X, ..., X,are grouped into

m cells (buckets) ¢ ..., ¢, with bucket boundaries Ibjcand ub(Q s.t.
Ib(c,) = —oo, ub(qn)l: o, ub(g) = Ib(c,,) for 1<i<m, and

freq(q) = Fn(x):ﬁzlr/‘:ll(lb(ci )< X, < ub(¢ )

Histograms provide a (discontinuousnsity estimatar

IRDM WS 2005 2-5



Parametric Inference: Method of Moments

A 1 i .
Compute sample momentgy = Ezin:l Xij for J-th moment
Estimate paramet& by method-of-moments estimaté,q S.t.
ay(F () =
and  ap(F(6y))=a;

and  as(F(6,)) = a3
and ... (for some number of moments)

Method-of-moments estimators are usually consistent and
asympotically Normal, but may be biased
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Parametric Inference:
Maximum Likelihood Estimators (MLE)

Estimate paramet&r of a postulated distributiond(x) such that
the probabillity that the data of the sample are generated by
this distribution is maximized.

- Maximum likelihood estimation:
MaximizeL(x,...,x,, 8) = P[x, ..., %, originate from @,x)]
(often written as
L(O | Xq,-..,%) = f(Xq,-.-,%,|0) )
or maximize log L
If analytically untractable- use numerical iteration methods
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MLE Properties

Maximum Likelihood Estimators are
consistentasymptotically Normaland
asymptotically optimain the following sense:

Consider two estimators U and T which are asymptotically Normal.
Let ¥ and £ denote the variances of the two Normal distributions
to which U and T converge in probabillity.

Theasymptotic relative efficiencgf U to T is ARE(U,T) =4/u.

Theorem:For an MLE é’n and any other estimaép,r
the following inequality holds:

ARE(&, £, )< 1
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Simple Example for
Maximum Likelihood Estimator
given:
e coin with Bernoulli distribution with
unknown parameter p fur head, 1-p for tall
e sample (data): k times head with n coin tosses
needed: maximum likelihood estimation of p

Let L(k, n, p) = P[sample is generated from distr. with param. p]

=(E) p* @-p)"

Maximize log-likelihood function log L (k, n, p):
n
log L:Iog(kj + Kk logp + (n— k) log (- p)

dlogL _k _n-k _, :p:E

op p 1l-p 4




Advancec Example for
Maximum Likelihood Estimator
given:
 Poisson distribution with parametgi(expectation)
» sample (data): numbers,X.., %, LIN,
needed: maximum likelihood estimation/of

Let r be the largest among these numbers,
and let§, ..., f be the absolute frequencies of numbers O, ..., r.

.\ fi
r I
L(Xq,e-Xn:A ) = T e_A_A—I
i— |
>i
| i
alnL:ifi(l‘):O NPT RS SV
04 S5\ ifi Ni=1



Sophisticatec Example for
Maximum Likelihood Estimator
given:
» discrete uniform distribution over [@), J N, and density f(x) = 16
« sample (data): numbers,X.., %, LIN,

MLE for O is max{x, ..., X, } (see Wasserman p. 124)
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MLE for Parameters
of Normal Distributions

n_(imp)?
2\ 1 n 202
L(Xq,..- X 1, O )—(@aj _1e
| =
aln(L) -1
= 2(5-4) =0
ou 202 ,Zl "
oin(L) _ n N 1 0 >
== 2.(—u)" =0
Yoka 20° 2(74i:1( |
~ 1n R 1n R
= H=—2X CTZ:-_Z(Xi‘,U)2
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Bayesian Viewpoint of Parameter Estimation

e assumedrior distribution @) of parameteb

» choose statistical model€nerative modgk(x | 0)
that reflects our beliefs about RV X

e given RVs X, ..., X for observed data,
theposterior distribution is ff | x, ..., %)

for X=X, ..., X=X, the likelihood Is

Ly, %1 @ =L, F(%168) =[],

which implies

f(O]%1,..0% )~ L(X%,..x § D@ (posterioris proportional to
likelihood times prior)

f(01%)D. o F(%16)1(8)
£(0)

MAP estimator (maximum a posteriori):
computed that maximizes ® | X, ..., X)) given a prior foré&
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Analytically Non-tractable MLE for parameters

of Multivariate Normal Mixture

consider samples from a mixture of multivariate Normal distributions
with the density (e.g. height and weight of males and females):

f (X7, e e 20502, )

with expectation value#/| -
and invertible, positive definite, symmetric
mxm covariance matrices j

— maximize log-likelihood function:
n

n K
logL(%,....Xn,6) :=1og [ P[% |6] = .| log > 77 n(x,ﬁj,zj)]
i=1 =1  j=1
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Expectation-Maximization Method (EM)

Key Idea:

when L, X, ..., X)) (where the Xand8 are possibly multivariate)
IS analytically intractable then
e introducelatent (hidden, invisible, missing) random variable(s) Z
such that
* thejoint distribution J(X,, ..., X,, Z, 8) of the ,complete” data
IS tractablgoften with Z actually being Z ..., Z)
* derive the incomplete-data likelihood@,(X, ..., X) by
Integrating (marginalization) J:

e

g=argmaxy ) J0,.% ,..% Z|Z& z]P[Z# z

IRDM WS 2005 2-15



EM Procedure

Initialization: choose start estimate fé{©)

lterate (t=0, 1, ...) until convergence:

E step (expectation):

estimate posterior probability of Z: P[Z | X.., X, 6]
assumind were known and equal to previous estiméite
and compute E y;  xnem 109 I(Xy, ..., X, Z[0)]

by integrating over values for Z

M step (maximization, MLE step):
Estimatef™1) by maximizing

E; x1, . xnew 109 (X, ... X, Z2/|6)]

convergence Is guaranteed

(because the E step computes a lower bound of the true L function,

and the M step yields monotonically non-decreasing likelihood),
but may result in local maximum of log-likelihood function
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EM Example for Multivariate Normal Mixture

Expectation step (E step):
P% Inj(8)]

h =P[Z; =1|% &8V ]=—
ZP[x.|n|<9<”)]

Z;=1

if ith data point
was generated
by [ component,

O otherwise
MaX|m|zat|on step (M step)
5 A
) Elhﬂ > (F =8 (k-4 T
Hi :|_n Zj =151
n
5 2
o F - oD
2 hp 2h
__i=1 _i=1
h.
j=li=1 ! J

IRDM WS 2005

2-17



Confidence Intervals

Estimator T for an interval for parametesuch that
P[T-a<f6<T+a] =1-a
[T-a, T+a] Is theconfidence intervaland lea is theconfidence level.

For the distribution of random variable X a value
X,(0<y<l)with P[X=<x,]zyUOP[Xzx,]21-y

IS called ay quantile; the 0.5 quantile is called thmedian.
For the normal distribution N(0O,1) thyguantile is denoted, .
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Confidence Intervals for Expectations (1)

Let x,, ..., X, be a sample from a distribution with unknown

expectatiornp and known variance?.
For sufficiently large n the sample meXn I3UME/N) distributed
and (X-u)n is N(0,1) distributed:
7 (X = p)n
p[—z< X _;’) <721 =d(2)-D(-2) = D(2)-(1- D(2))

q)1—0/2 g
Jn

For requirecconfidence interval X -a, X +a] or confidence level-a set

S U< X+

= P[ X -

._ain or z::(l—%) quantileof N(0.1)
g 0
then look upd(z) thena:= 7n
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Confidence Intervals for Expectations (2)

Let x,, ..., X, be a sample from a distribution with unknown
expectationn andunknown variance? and sample variance S
For sufficiently large n the random variable

_(X=uWn has atdistribution (Student distribution)
T:= :
S with n-1 degrees of freedom:

- n+1
2 1
n+1

(3) et

n

1:T,n(t):

with the Gamma function: T (x) = e t*dt fur x>0
0

(with the propertiesI(1) =1 and '(x+1)=xI"(x))
— th11- S _ thq1- S
:P[X_nl,lalz S,uSX+n1’1a/2 1 =1-a

Vn Jn
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Normal Distribution Table

z —t?/2
The Normal Distribution Functions ®(z) = =

......

R
Ao
/ /
///1‘ i, l 1’1’ 1//11 11/4.
z

—dt
—o0 V2r

0

2 0.00 0.01 0.02 0.03 0.0k 0.05 0.06 0.07 0.08 0.09
0.0 .50000 .50299 .50798 .51197 .5199% .5199u 52392 .52790 .53188 .53584
0.1 .53983 .S4380 .Sh776 .S55172 55567 .95942 546356 56749 57142 57535
0.2 .57926 .58317 .58706 .59095 .S94u83 .59871 40257 604642 ,61026 461409
0.3 61791 ,62172 62552 62930 .63307 .5368B3 .64058 64431 .64B03 .65173
0.4 45542 65910 646276 66640 867003 A7364 . AT724 463082 ,68U39 48793
0.5 .69146 .4F497 69847 .701%% 70540 .708B4% 71226 .71566 .7190% 72240
0.6 .7257% .72907 73237 .73565 .73891 74215 74537 74857 75175 75490
0.7 .75804 ,76115 76424 76730 .7703%5 77337 77637 77935 .78230 78524
0.8 .78814 .79103 .79389 794673 79955 .£023u .80%11 .80785 .010057 .091327
0.9 .B1594 .B1859 .B82121 .B2381 82639 .B289M .B3147 83398 .BI646 83891
1.0 .84134 ,8u375 .8hs41u L E48H9 85083 85314 .8ULUT 85769 85993 846214
1.1 .84433 L4450 86844 BT7076 .BT2RS .B7HF3 874698 .87200 .88100 88298
1.2 .884y93 884N .B8EBT77 B8F04T LGO251 294305 894617 89796 89973 . F01M47
1.3 .20320 90420 .90658 .92082% 90986 91149 91308 91466 91621 A ward
1.4 91924 92073 92220 923460 92507 Q26047 92785 92922 93056 .93189
1.5 93319 ,9Iu48 ,QIGTH L 9ILOT L G302 L PIFNT 940462 94179 94295 . 94408
1.6 .2uS20 .9MA430 Q4738 .ONBYS P50 (95053 995154 95204 95352 . 90ULY
1.7 .955012 956737 99728 90818 95907 ?599h 94080 96164 LP6246 T, 96327
1.8 .96407 .CHNRG 4542 L4E30 96712 96784 L P48T6 969286 . F6995 97062
1.9 927128 97193 97257 97320 97381 .F7uh1 97500 L27958 927610 927670
2.0 .97725 .97778 .97831 ,97882 ,97932 .97982 .98030 .98077 98124 .90169
2.1 .98214 .98257 .98300 .$S3In1 .FBIRKD ,PBUD2 ,PBHSL1 . 98U00 .T8537 98574
2.2 98410 .9941S 98479 98713 .9827n5 93770 .98H09 .99840 .98870 .98899
2.7 .98928 ,98954 .9€9€3 ,99010 .97024& 929041 990846 99111 . 9713W 99108
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Student's t Distribution Table

Table 5

Critical Values of the Student-: Distribution?®

ob—————————

to
\ 010 005 0025 001 0005
1| 3078 6314 12706 31821 63657
2 | 1886 2920 4303 6965 9925
3 | 1638 2353 3182 4541 S84l
4 | 1533 2132 2776 3747 4604
s | 1476 2015 2571 3365 4032
6 | 1440 1943 2447 3143 3707
7 | 1415 1895 2365 2998  3.499
8 | 1397 180 2306 2896 3355
o | 1383 1833 2262 2821 3250
10 | 1372 1812 2228 2764 3.169
11 | 1363 1796 2200 2718 3.106
12 | 1356 1782 2179 2681 3055
13 | 1350 1771 2160 2650 3012
14 | 1345 1761 2145 2624 2977
15 | 1341 1753 2131 2602 2947
16 | 1337 1746 2120 2583 2921
17 | 1333 1740 2110 2567 2898
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2.3 Statistical Inference:
Hypothesis Testing and Regression

Hypothesis testing:
 aims to falsify some hypothesis by lack of statistical evidence
 design of test RV and its (approximate / limit) distribution

Regression:
e aims to estimate joint distribution of input and output RVs
based on some model and usually minimizing quadratic error

IRDM WS 2005 2-23



Statistical Hypothesis Testing

A hypothesis test determines a probability 1-
(test levela, significance levelthat a sample X ..., X,
from some unknown probability distribution has a certain property.

Examples:

1) The sample originates from a normal distribution.

2) Under the assumption of a normal distribution
the sample originates from a (0?) distribution.

3) Two random variables are independent.

4) Two random variables are identically distributed

5) Parametek of a Poisson distribution from which the sample stems has value 5.

6) Parameter p of a Bernoulli distribution from which the sample stessdilae 0.5.

General form:
null hypothesis H vs. alternative hypothesis H

needdest variable {derived from X, ..., X,, H,, H,) and

test region_R V\_/ith Retain H Reject H
XUR for rejecting H and H,true| v/ type | errof
XUR for retaining H H, true| type Il error v
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Hypotheses and p-Values

A hypothesis of the forr@ = 8 Is called asimple hypothesis

A hypothesis of the forr@ > 8, or 8 < 8, is calledcomposite hypothesis
A test of the form i 6 =0, vs. H;: 6 # 8, Is called atwo-sided test
Atest of theform i 6<9,vs. H:8>8,0r H;: 6 =06, vs. H: 6<6,

IS called aone-sided test

Suppose that for every leval] (0,1) there Is a test
with rejection region R Then thep-valueis the smallest level
at which we can reject 1 p-value= infla |T(X ,...4 U R

small p-value means strong evidence against H
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Hypothesis Testing Example

Null hypothesisfor n coin tosses: coin is fair or has
head probability p = g alternative hypothesig # p,
Test variable X, the #heads, Is
N(pn, p(1-p)A) distributed (by the Central Limit Theorem),
thus .- X/n—p is N(0, 1) distributed
Jp(-p)

Rejection of null hypothesis at test lewe(e.g. 0.05) If
L>DP g1 UL<Dy
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Wald Test

for testing H: 6 = 6, vs. H;: 8 # 6, use the test variabl&V =

e

8- &
se(d )

with sample estimat® and standard eme@ )= \/ Var[é ]

W converges in probability to N(O,1)

- reject H, at levela when |W|>®@, -
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Chi-Square Distribution

Let X,, ..., X, be independent, N(0,1) distributed random variables.

Then the random variable x2:=X{ +..+ X2
IS chi-square distributed with n degrees of freedom:

for x>0, 0 otherwise

Let n be a natural number, let X be N(O,1) distributed and
Y X2 distributed with n degrees of freedom.

Then the random variable T, := \/ﬁi

IS t distributed with n degrees of fregdom.
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Chi-Square Goodness-of-Fit-Test

Given:
n sample values X..., X, of random variable X
with relative frequencies H..., H, for k value classes;v
(e.g. value intervals) of random variable X

Null hypothesis:
the values Xare f distributed (e.g. uniformly distributed),
where f has expectatignand variance?

Approach: Y, ::i(Hi —E(v))nlo azg;:i(HiE‘(S()Vi)z

with E(v) := n P[X Is In class vaccording to f ]

are both approximately? distributed with k-1 degrees of freedom

Rejection of null hypothesis at test lewe(e.g. 0.05) if Zk >XE—1,1—a
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Chi-Square Independence Test

Given:
n samples of two random variables X, Y or, equivalently,

a twodimensional random variable

with (absolute) frequencies,H ..., H. for r*c value classes,
where X has r and Y has c distinct classes.

(This is called acontingency tablg

Null hypothesis:
X und Y are independent; then the
expectations for the relative frequencies of the value classes would bt

.C. C
Eij — R| J W|th R| .= Z H|J and Cj = éH”
N j:]_ =1
L S (Hj-E Y | . o

Approachz => » = IS approximagélgistributed

i=1j=1 I with (r-1)(c-1) degrees of freedom
Rejection of null hypothesis at test lewe(e.g. 0.05) if

Z> )((Zr -1)(c-1),1-a

2-30
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Chi-Square Distribution Table

Table 4

Critical Values of the Chi-Square Distribution®

(0
Y, 2
0 %

\ 0.995 0.990 0.975 0950 005 0025 0010 0005
! 0.0393¢  0.0°157°  0.0%982¢  0.0°393° 38415 50239 66349 78794
2 00100 00201 00506 0026 59915 73778 92103 10597
3 00717 0.1148 02158 03518 78147  9.3484 11345 12838
4 02070 02971 04844 07107 94877 11143 13277 14860
5 04117 05543 08312 11455 11071 12833 15086 16750
o 06757 08721 12373 16354 12592 14449 16812  18.548
7 09893 12390 16899 21674 14067 16013 18475 20278
8 13444 16465 21797 27326 15507 17535 20090 21955
9 17350 20879 27004 33251 16920 19023 21666  23.589
10 21559 25582 32470 39403 18307 20483 23209  25.188
11 26032 30535 38158 45748 19675 21920 24725 26757
12 30738 35706 44038 52260 21026 23337 26217 28300
11 1 8A50 4 10KA9 S DNRT? SRQ10Q 22 1K 24 734 27 ARR 29819



Chi-Square Distribution Table

Obere 100x-prozentige Werte yx

der x*-Verteilung (s. 5.2.3.)
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Linear Regressior

(often used for parameter fitting of models)

Estimate r(x) = E[Y | X=x, U... [IX, =X ] using a linear model
Y=r(x)+e=Fy+yt B% +£  with errore with E[]=0

given n sample points (¥ , ..., x.O, y0), i=1..n, the

least-squares estimator (LSE) minimizes the quadratic error:

2
> [( > ﬁkxl((”}—y“)} = E(By.Bm)  (withx 0=1)

1=1.n\ \_k=0..m

oE
. _ i _
Solve linear equation syste% for k=0, ..., m
equivalentto MLE B=(XTX )y 1XTy (14D Y D
2 2
with Y = (y@ .. y)T and x =11 %

LM A A
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Logistic Regressiol
Estimate r(x) = E[Y | X=x] using a logistic model
PO+ X
1+ P tEH A% "
with errore with E[€]=0

Y=r(x)te= E

— solution for MLE for[3; values based on numerical methods
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Additional Literature for Chapter 2

 Manning / Schutze: Chapters 2 und 6

e Duda / Hart / Stork: Appendix A

* R. Nelson: Probability, Stochastic Processes, and Queueing Theory,
Springer, 1995

* M. Mitzenmacher, E. Upfal: Probability and Computing,
Cambridge University Press, 2005

* M. Greiner, G. Tinhofer: Stochastik fur Studienanfanger der Informatik
Carl Hanser Verlag, 1996

e G. Hubner: Stochastik, Vieweg, 1996

e Sean Borman: The Expectation Maximization Algorithm:
A Short Tutorial http://www.seanborman.com/publications/EM_ algorithm.pdf

« Jason Rennie: A Short Tutorial on Using Expectation-Maximization
with Mixture Models,http://people.csail.mit.edu/jrennie/writing/mixtureEM. pdf
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