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What is Symmetry?

Definition [Wikipedia]

 “..avague sense of
harmonious and beautiful
proportion and balance...”

o “..an exact mathematical
‘patterned self-similarity’ that
can be demonstrated with
the rules of a formal system...”

The second is a
formalization of the first.
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Group Theory

What is symmetry?

e The group of operations
does not change the object
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* Invariance of geometry
under sets of transformations




Geometric Symmetry
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Invariance under transformations:

e Set of transformations
» Leaves object unchanged



Transformations

Rigid (Similarity) Transformations

Translation Rotation
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(Scaling)



Geometric Symmetry
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Invariance under transformations:

e Set of transformations
» Leaves object unchanged



Invariance to Transformations

Rotations that do not change the star: . /\\(
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Invariance to Transformations

Still no changes:

o %Oo .0 =0° + Reflection
o 36T0°- 1=72° + Reflection
e 0.2 =144° + Reflection
o %Oo -3 = 216° + Reflection
. % .4 = 288° + Reflection

° %Oo- 5 =360° = 0° + Reflection

“Dihedral Group D"




Invariance to Transformations
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Formalization

Properties

e Closure: ab€E G
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=>aob€eG AR R

e Associativity: Va,b,c € G:
(aocb)oc=aco(boc)

* |dentity: Jdid € G:Va € G: A
idoa=acid = a \/\(
e Inverse: Va € G:da~ 1 e G:
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“Group Axioms”



More Examples...

(b) (c) (d)

dihedral group D cyclic group Cj infinite group O(2)



Formalization

Transformations of Space:

e Bijections f: R? —» R (usually: d = 2,3)
= Transformations (permutations) of space
= Form a group
 Rigid mappings, similarity transforms
= Subgroups thereof
* Other choices
= Translations, Reflections
= Conformal mappings
= [sometries



Rigid Symmetry Groups

Classification
* Subgroups of the rigid mappings E(3)

Types
» Continuous vs. discrete
* Point-symmetries vs. lattices



Point Symmetries

symmetries of a cube -0,

Point Symmetries

e Full classification known
 Full list e.g. on Wikipedia



Lattices: k-Parameter Grids
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1-parameter 2-parameter 3-parameter

k-Parameter Grids

 Commutative generatorsa, b, c € E(3)
e Can be expressed as

G ={ato b’/ oc¥®|i,j k € 7}
* Isomorphic to integer lattices (grids)



Lattices

Commutative Transformation Groups (Grids)
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Including Scaling
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Rot X Trans Trans x Trans Rot x Scale




Continuous Symmetries

Slippable Surfaces (rigid motions)

linear extrusion surface of revolution helix



Mathematical Symmetry

What is symmetry?

* Invariance of geometry
under group actions
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e Looking at the object:

Symmetry describes the
absence of Information




Influences beyond Math...

Democracy

 Citizens are equal under the
law

Communism

 Citizens are equal




Examples

Idea:

* Make theory invariant
under the unknown

Philosophy
e Observer problem

» Everyday reasoning
IS invariant

= Example: Turing test



Symmetry in Physics

Physics: symmetric laws

e Newtonian mechanics
Invariant under
Galilean transformations

 Maxwell equations /
Special relativity
Lorentz invariance

* Quantum field theory
Gauge transformations/fields
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Maxwell’s equations
[Wikipedia]

V x B = pqj + poco



Quantum Mechanics

. : ...here as well
X is arbitrary...

Y

I B general case:
consistency?

solution:
gauge field: photons
leads to interactions



Summary of the Philosophy

Symmetry

« Some things we don't/can’t
know \ )
or don’t care about \ |
» Or the information does not exist Q
\/

What to do

 Factor it out

= (Representation) mod (Symmetry)

» Graphics: Redundancy, Invariants, Modeling



