Optimization Homework 6 Khaled Elbassioni
Summer 2011 Anke van Zuylen

This assignment is due on June 30 in class. You are allowed (even encouraged) to
discuss these problems with your fellow classmates. All submitted work, however, must
be written individually without consulting someone else’s solutions or any other source
like the web.

Problem 1: (Rotation matrix) Let g be an arbitrary vector in R" and e, =
(0,0,---,1)T. Consider the following matrix:

(e A+ llpllen) (e + lpllen)™

R=2
=+ [ el enl]?

Show that
R'TR=1, Ru=|ule,.

Problem 2: (Characterization of full-dimensional polyhedra) A polyhedron
P = {x € R"| Ax > b} is said to be full-dimensional if it has positive volume. Assume
that P is bounded and all rows of A are non-zero. Show that the following are equivalent.

(a) The polyhedron P has full dimension.
(b) There exists a point z in P such that Az > b.

(c) There are n + 1 extreme points of P that do not lie in a common hyperplane.

Problem 3: Carry out three iterations of the Ellipsoid method towards solving the
following LP
maximize 1 + 225
subject to —3z; +4xy <4
3r1+ 219 < 11
2I1 — X9 S 5
T1,T9 Z 0.

Start with the ball Ey = F(0,161). (Optional: draw the feasible region and the ellipsoids
Eo, El, EQ, and Eg)

Problem 4: Let P = {x € R" | Az > b}, where A is an m x n real matrix and b is an
m-dimensional real vector.

e Show that if the rows of A span R"™, then P is nonempty if and only if it has an
extreme point.



e Explain how to check if P = () if the rows of A do not span R"?

Problem 5: Let G = (N, .A) be a network with n nodes and m arcs, and integral
capacities (u. : e € A). For two nodes s,t € N, denote by Ps; the set of directed paths
from s to t in GG. Consider the following linear program:

maximize Y pop  fP
subject to > .. p. pep., [P S e, Ve €A,
f» >0, VP € Psy.

e What does this LP compute?

e Show that this LP can be solved in polynomial time, and give an upper bound (as
tight as possible) on the running time needed.



