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Motivation

We study basic geometric predicates.

Orientation

Let p = (px, py), q = (qx,qy) andr = (rx,ry) be three points in the plane. In class we proved that
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is twice the signed area of the triangle spanned by the pointsp, q, andr. The purpose of this
exercise is to give an alternative proof.
Figure?? shows a yellow parallelogramP. Prove that its area isb′c−bc′ by expressing the area
as the difference of the large square and the rectanglesR and the trianglesT1 andT2.
What is the connection to the orientation predicate?

Side of Circle

Let p = (px, py), q = (qx,qy), r = (rx,ry), ands = (sx,sy) be four points in the plane. The first
three points define an oriented circle (oriented fromp via q to r). We want to determine whethers
lies to the left or the right of the circle. If the circle is oriented counterclockwise, left corresponds
to inside and right corresponds to outside. The purpose of this exercise is show that the following
formula computes theside-of-circle predicate.
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1. Prove that the determinant is zero if the four points are collinear.
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Figure 1: Area of parallelogram determined by vectors(b,b′),(c,c′).

2. From now on we assume that the four points are not collinear, sayp, q andr define a proper
triangle. For a pointv = (vx,vy) in the plane, letℓ(v) = (vx,vy,v2

x + v2
y) be the “lifting” of

v to the paraboloidz = x2+ y2.

(a) Assume first that the center of the circumcircle of∆(p,q,r) is at the origin. Interpret
the quantities in the fourth column.

(b) Show that there areλp, λq, λr such that

(1,sx,sy) = λp(1, px, py)+λq(1,qx,qy)+λr(1,rx,ry).

Use this equation to simplify the last row of the determinant. What is the new diago-
nal entry in the last row?

(c) Use the previous item to prove that the value of the determinant is equal to

2 ·signed-area(∆(p,q,r)) · (L2
−R2),

whereR is the radius of the circumcircle of∆ andL is the distance ofs from the
origin.

(d) Conclude from the preceding item that the formula computes the side-of-circle pred-
icate.

(e) Generalize to the situation where the center of the circumcircle of ∆ is not at the
origin.

(f) How should one interpret the formula ifp, q, andr are collinear?

Have fun with the solution!
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