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Fourier Transform

Exercise 1

Let f : [0, 1]→ R, f ∈ L2([0, 1]). Then, f can be represented in form of the following two variants
of the Fourier series:

f(t) = d0 +
∑
k∈N

dk
√

2 cos(2π(kt− φk)) (1)

f(t) = a0 +
∑
k∈N

ak
√

2 cos(2πkt) +
∑
k∈N

bk
√

2 sin(2πkt) (2)

Show that d0 = a0, dk =
√
a2k + b2k, and φk = 1

2π arccos
(
ak
dk

)
for k ∈ N.

Solution

We use the addition theorem cos(α + β) = cosα cosβ − sinα sinβ with α = 2πkt, β = −2πφk.
Then

cos(2π(kt− φk)) = cos(2πkt) cos(−2πφk)− sin(2πkt) sin(−2πφk)

= cos(2πφk) cos(2πkt) + sin(2πφk) sin(2πkt)

Comparing coefficients in (1) and (2) one obtains

ak = dk cos(2πφk)
bk = dk sin(2πφk)

}
⇒ (a2k + b2k) = d2k,

and cos(2πφk) = ak
dk

implies φk = 1
2π arccos

(
ak
dk

)
.
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Exercise 2

Let f : [0, 1]→ R, f ∈ L2([0, 1]), be as in the previous exercise. Then, using a complex formulation
of the Fourier series, f can be represented as

f(t) =
∑
k∈Z

cke
2πikt. (3)

Let ck = |ck|e2πiγk be the polar coordinate representation of the complex number ck. Show that

d0 = c0, dk =
√

2|ck|, φk = γk,

ak =
√

2 Re(ck), bk = −
√

2 Im(ck).

for k ∈ N.

Solution

Since f is a real-valued function, one obtains∑
k∈Z

cke
2πikt = f(t) = f(t) =

∑
k∈Z

cke2πikt =
∑
k∈Z

cke
−2πikt

and therefore c−k = ck. From this follows

f(t) =
∑
k∈Z

cke
2πikt

= c0 +
∑
k∈N

(
cke

2πikt + c−ke
−2πikt)

= c0 +
∑
k∈N

(
cke

2πikt + ck e2πikt
)

= c0 +
∑
k∈N

2 Re(cke
2πikt)

= c0 +
∑
k∈N

2 Re
(

(Re(ck) + i Im(ck)) · (cos(2πkt) + i sin(2πkt))
)

= c0 +
∑
k∈N

2 Re(ck) cos(2πkt)− 2 Im(ck) sin(2πkt). (4)

Hence, by comparing coefficients of (4) with (2), one obtains

ak =
√

2 Re(ck), bk = −
√

2 Im(ck)

dk =
√
a2k + b2k =

√
2|ck|.

d0 = c0.

Moreover, by substituting ak and dk, one obtains

φk =
1

2π
arccos

(
ak
dk

)
=

1

2π
arccos

(
Re(ck)

|ck|

)
=

1

2π
arccos

(
|ck| cos(2πγk)

|ck|

)
= γk.
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