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Chapter 11

II.1 Linear Algebra

Vectors, Matrices, Eigenvalues, Eigenvectors,
Singular Value Decomposition

I11.2 Probability Theory

Events, Probabilities, Random Variables, Distributions,
Bounds, Limit Theorems

I1.3 Statistical Inference
Parameter Estimation, Confidence Intervals, Hypothesis Testing
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I11.3 Statistical Inference

1. Parameter Estimation
2. Confidence Intervals

3. Hypothesis Testing

Based on LW Chapters 6, 7, 9, 10
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Statistical Model

A statistical model M 1s a set of distributions (or regression
functions), e.g., all unimodal smooth distributions

» M 1s called a parametric model if it can be completely described
by a finite number of parameters, €.g., the family of Normal
distributions for a finite number of parameters 4 and o

1 (z—p)?
M:{fX(m;,u,a): e 202 |,LLE]R,U>O}

2T O
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Statistical Inference

* Given a parametric model M and a sample X;,..., X,
how do we infer (learn) the parameters of M?

 For multivariate models with observed variable X and
response variable Y, this is called prediction or regression,
for a discrete outcome variable this 1s also called classification
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Idea of Sampling

Samples

Distribution X ,.-v X1y oeey X
(population of interest) (e.g., people)

e’ Statistical Inference
4a° What can we say about X
based on X1, ..., Xm?

« Example: Suppose we want to estimate the average salary of
employees in German companies

e Sample 1: Suppose we look at n = 200 top-paid CEOs of major banks

« Sample 2: Suppose we look at n = 1,000 employees across all sectors
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Basic Types of Statistical Inference

* Given independent and identically distributed (11d.)
samples X1, ..., X ~ X of an unknown distribution X

e ¢.g.. n single-coin-toss experiments X, ..., X, ~ Bernoulli(p)
 Parameter estimation

e ¢.g.. what 1s the parameter p of Bernoulli(p)?
what is E[.X], the cdf Fx of X, the pdf fx of X, etc.?

e Confidence intervals

e ¢.g.. give me all values C = [a, b] such that P[p € C] > 0.95
with interval boundaries a and b derived from samples Xi, ..., X,

 Hypothesis testing

e c.g.. Ho:p=1/2((.e., comnisfair) vs. Hi : p *+ 1/2

[R&DM °13/°14



1. Parameter Estimation

* A point estimator for a parameter 0 of a probability distribution
X 1s a random variable 6,, derived from an 1d. sample X, ..., Xu

« Examples:
~ 1 —
e Sample mean X (= — ZXq;
» Sample variance
’ - R
+ An estimator 0, for parameter 0 is unbiased if E [én] =0

otherwise the estimator has bias F/ [én] — 0

* An estimator on sample size » 1s consistent 1f

lim PJ|0,, — 0| < €] =1 for any e > 0

n—oo
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Estimation Error

» Let 6,, be an estimator for parameter 6 over ud. samples X1, ...

» The distribution of 6, is called sampling distribution

e The standard error for én is: se(é) = \/ Var(én)

* The mean squared error (MSE) for 0, is:
MSE(6,) = E[(6,, — 0)?] = bias®>(0,) + Var(6,,)

« The estimator 6, is asymptotically Normal if

(0,, — 0)/se converges in distribution to N(0,1)
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Types of Estimation

e Non-Parametric Estimation

e no assumptions about the model M nor the parameters 6
of the underlying distribution X

e ¢.g.. “plug-n estimators™ (e.g., histograms) to approximate X
e Parametric Estimation

* requires assumptions about the model M and the parameters 6
of the underlying distribution X

e analytical or numerical methods for estimating 6
* Method of Moments
 Maximum Likelihood

* Expectation Maximization (EM)
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Empirical Distribution Function

* The empirical distribution function E}, is the cdf that puts
probability mass 1/n at each data point X;

Fula) = > I <)

with indicator function

]I(Xiﬁx):{ 0 : X;>«x

A statistical function (“statistics”) 7(F) 1s any function over F,
€.g., mean, variance, skewness, median, quantiles, correlation

* The plug-in estimator of 0 = 7(F) 1s én = T(F n)
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Histograms as Density Estimators

* Instead of the full empirical distribution, often compact synopses
can be used, such as histograms where X1, ..., X, are grouped

into m cells (buckets) ci, ..., cm With
bucket boundaries /b(c;) and ub(c;)

Ib(c1) = —o0, ub(cy,) =00, ub(c;—1) =1b(c;) for (1 << m), and

A

fregp(ci) = fulx) = 5 200 T(1b(cs) < X < ub(cy))

fregr(c;) = Fo(x) = 5370 1(X; < ub(c;))
» Example:

X1=Xo=1

X3=Xa=Xs5=2
Xe=...X10=3
Xi1=...X1u=4 420

Xi5=...X17=5 3/20 3/20
— — 2/20 2/20
X1§=X19=06 770

_ >
X20="17 1 2 3 4 5 6 7 x

2 3 1
IXs54+2X55+...+7X 55

3.65

A .
f5(X) Hn

5/20
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Method of Moments

* Suppose parameter 0 = (61, ..., 6k) has kK components

* Compute j-th moment for 1 <j <k:
+0o0

a; = a;(0) = Eg[X] :/ v! fx () dx

— OO

* Compute j-th sample moment for 1 <;j <k:
N

* Method-of-moments estimate of & is obtained by solving a
system of £ equations 1n £ unknowns

@1(én) = Q1

Oék(én) = Qg

[R&DM °13/°14
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Method of Moments (Example)

e Let Xi, ..., X» ~ Normal(u, ¢?).
a1 = By X] = p
oo = Fg[X?] = Var(X) + (E[X])* = 0* + p?

* By solving the system of 2 equations in 2 unknowns

R
N:ﬁ;Xi

1 T
w2

5_2_|_/)Q

we obtain as solutions

1 — _
A:Xn 574 = — Xi_Xn2
[ Y n;( )

[R&DM °13/°14

14



Maximum Likelihood

e Let X1, ..., X, be iid. with pdf f{x;0)

» Estimate parameter 6 of a postulated distribution f(x;0) such that
the likelihood that the sample values xi, ..., x, are generated by
the distribution are maximized

 Maximize L(x1, ..., Xn, 0) = P[xy, ..., X, originate from f(x;0)]

» Usually formulated as:

n

argmax L,|0] = H f(X;,0)

0 i—1

e The value 6 that maximizes Lx[0] 1s called the
maximum-likelihood estimate (MLE) of

o If analytically intractable, MLE can be determined using
numerical iteration methods
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Maximum Likelithood (Example)

e Let X7, ..., X ~ Bernoulli(p) (corresponding to n coin tosses)
» Assume that we observed / times head and (n-/) times tail

 Maximume-likelihood estimation of parameter p

L[h,n,p] = Hf sp) =P —p) = =p" 1)
1=1

* Maximize log-likelihood function
log Lh,n,p] = h x log(p) + (n — h) x log(1 — p)
oL h mn—nh h

op p 1—0p b n

[R&DM °13/°14
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Maximum Likelihood for Normal Distributions

1 " (25 —1)°
L(ml,...,xn,u,02)2< ) He_ P
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2. Confidence Intervals

* Determine interval estimator 7' for parameter 6 such that
PT—a<0<T+H+a|l=1-«
T=a 1s the confidence interval and 1-a the confidence level

 For the distribution of a random variable X, a value x, (0 <y <1)
1s with P[X < x,] =y and P[X > x,] > 1-y 1s called y-quantile

e the 0.5-quantile 1s known as median

« for the standard Normal distribution N(0,1) the y-quantile is denoted @,

* For a given a or a, find a value z of N(0,1)
that denotes the [T-a,T+a] confidence
interval or a corresponding y-quantile
for 1-a

,,,,,,

: il
/////
111/ /, 4///

/1750 1 1/1

0 2
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Confidence Intervals for Expectations (1)

e [et Xy, ...,

X» be a sample from a distribution X with unknown

expectation ¢ and known variance o>

» For sufficiently large n, the sample mean X is N(u, 6%/n)

distributed and
P[—Z § (X_(/;)\/ﬁ S Z]

[R&DM °13/°14

P(z) — d(—2)

B(z) — (1- &(2))

2¢(z) — 1

PX - 22 <pu< X+ 2Z]

,,,,,,

, '/?,’//'Z; ,.

A ////,/ .
/;<b(z)j // //////// ,

/! / // //
0 2
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Confidence Intervals for Expectations (I) (cont’d)

= (1)1—@/20 = (I)1—a/20
P X <nu<X
| N /n

» For confidence interval [ X — a, X + a] compute

a+/n
o

|=1—-«

z = and lookup ®(z) to determine 1-a

 For confidence level 1-o set

= ®;_2 (Le., as (1-0/2)-quantile of N(0,1))

Z 0o .
then a = — to determine

/n

confidence interval

//;/ ,
/ /////,

0 2
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Confidence Intervals for Expectations (I) (Example)

* Based on a random sample of » = 100 queries, we observe an
average response time of X = 64 . We further know that the
standard deviation is 0 = 4

* Q: What 1s the confidence of the interval 64+0.5?

0.5
0.5+v/100 __
V100 — 195

0.89435
0.89435
0.7887

a

$(1.2
1 —
1

o v .
I

A: 78.87%

* Q: What’s the 99% confidence interval?

0.99
0.01

Dy x4
a 0\/0% = 1.032

1l — «
Q

A: 64+1.032

[R&DM °13/°14
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Confidence Intervals for Expectations (II)

* Let X1, ..., X» be an 11d. sample from a distribution X with
unknown expectation 4, unknown variance o2, but
known sample variance S°

 For sufficiently large n, the random variable

(X —p)vn

S
has a Student’s ¢ distribution with (n-1) degrees of freedom
F(n_ﬂ)
fT,n (t) — ; 2

D2y nr(1+2)%

with the Gamma function

F(:E):/ e tt*tdt for x>0
0

[R&DM °13/°14
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Confidence Intervals for Expectations (II) (cont’d)

_ lp—1,1—a/2 9 tp—11—a/29

PR Ve

» For confidence interval [ X — a, X + a] compute

<p<X

|=1—-«

a

Sn and lookup fr»-1)(?) to determine 1-a

e For confidence level 1-a set
t =1n—11-a/2 (i.e., as (1-a/2)-quantile of fr(-1))
then a = — to determine

\/ﬁ ,
confidence interval §

[R&DM °13/°14 23




3. Hypothesis Testing

* Suppose we throw a coin »n times and want to know whether
the coin 1s fair, 1.e., P(H) = P(T)

* Let X1, ..., X ~ Bernoulli(p) be the 11d. coin flips, so that the
coin 1s fair if p = 0.5

 Let the null hypothesis Ho be “the coin 1s fair”
* The alternative hypothesis H; is then “the coin 1s not fair”

» Intuitively, if | X — 0.5] is large, we should reject Ho

[R&DM °13/°14
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Hypothesis Testing Terminology

* =6 is called a simple hypothesis
e > 6y or <6bis called a compound hypothesis
* Ho: 0= 00 vs. Hi : 0 # O 1s called a two-sided test

cHo:0<6Oyvs.Hi:0>6yand Ho: 8> 6y vs. Hi : 6 < O
are called a one-sided test

* Rejection region R : 1f X € R, reject Ho otherwise retain Ho

 The rejection region 1s typically defined using a test statistic T
and a critical value c

R={X :T(X)>c}

[R&DM °13/°14
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p-Values
* The p-value 1s the probability that if Ho holds, we observe values
at least as extreme of the test statistic
* It 1s not the probability that Ho holds

* The smaller the p-value, the stronger 1s the evidence against Ho, 1.¢.,
if we observe a small enough p-value, we can reject Ho

 How small the p-value needs to be depends on the application
* Typical p-value scale:

e <0.01 very strong evidence against Ho

* 0.01 -0.05 strong evidence against Ho

* 0.05-0.10 weak evidence against Ho

«>0.1 little or no evidence against Ho

[R&DM °13/°14
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Types of Errors & Statistical Significance

Retain Hy Reject Ho
Hy true OK Type I Error
Hj true Type II Error OK

* Hypothesis tests often performed at a level of significance o
» means that Hy 1s rejected if the p-value is less than o
 reported as “results is statistically significant at the a level”
* specifying p-values 1s more informative
* Don’t confuse statistical significance with practical significance

* e.g..  “blue hyperlinks increase click rate by 0.0001% over black ones”
“fuel consumption is reduced by 0.0001 l/km by new part”

[R&DM °13/°14
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The Wald Test

e Two-sided test for Ho: 6 =6y vs. Hi : 6 £ 6)

. 0— 0y | )
» Test statistic W = | A o with sample estimate ¢

se
and se = se(0) = \/Var(é)
* W converges in probability to N(0, 1)

 [f w 1s the observed value of the Wald statistic,
the p-value 1s 20(-|w|)

[R&DM °13/°14
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The Wald Test (Example)

 We can use the Wald test to test 1f our coin 1s fair

* Suppose the observed sample mean 1s 0.6 and
the observed standard error 1s 0.049

* We obtain as a test statistic value w= (0.6 - 0.5)/0.049 = 2.04

* The p-value is therefore 2®(-|2.04|) = 0.042 (1.e., a fair coin would lead to
such an extreme value w only with probability 0.042), which gives us
strong evidence to reject the null hypothesis Ho
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Pearson’s y? Test for Multinomial Data

* Let X1, ..., Xin ~ Multinomial(n, p),
the MLE of p 1s (Xi/n, Xo/n, ..., Xu/n)

* Let po = (po1, po2, ..., pon) and we want to test
Ho:p=povs.Hi:p=+po

 Pearson’s y? statistic is

k k
Z (X; —npo;)? Z (X; — Ej)°

T — —
j=1 i L

n .
Poy =1

with expected value £; = E[X;] = n po; of X; under Ho

» The p-value is P(x;_, > t) where ¢ is the observed value
of the test statistic and there are (k-1) degrees of freedom

[R&DM °13/°14
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Pearson’s y? Test for Multinomial Data (Example)

* We can use Pearson’s y? test to test whether a dice is fair

* Suppose after 1,000 throws of the dice, we observed

DO x 173, x 167, @ x 167, d) x 176, B x 167, 6) x 150
=>p =(0.173,0.167, 0.167, 0.176, 0.167, 0.150) (based on MLE)

* po=(0.167,0.167, 0.167, 0.167, 0.167, 0.167)

e T'=2.43 => p-value 1s 0.80 giving us no evidence to reject Ho

. * Anzahl der Wahrscheinlichkeit p = «

Freiheits-

grade m 0,99 098 | 0,95 09 | os | o7 | os0 |
I 0,00016 | 0,0006| 0,0039| 0016 | 0,064 | 0,148 | 0,455
2 0,020 | 0,040 | 0,103 | 0,211 | 0,446 | 0,713 | 1,386
3 0115 0.185 | 0352 | 0,584 | 1.005 | 1.424 | 2,366
4 0,30 0,43 0,71 106 [Tos-] 219 | 3.3
5 0,55 0.75 114 el | 234 || 300 | 435
6 og7 | 113 | e | 220 fver| 3s | s3s |
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Pearson’s y? Test of Independence

* Pearson’s y~ test can also be used to test if two random variables
X and Y are independent

e Let Xy, ..., Xysand Y1, ..., Y, be the two samples
* Divide outcomes into » (for X) and ¢ (for Y) disjoint intervals

* Populate r-by-c table O with frequencies, so that Oy tells how
many (X, Y;) pairs have values /-th and k-interval respectively

» Assuming independence (Ho) the expected value of Oy 1s

[R&DM °13/°14
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Pearson’s y? Test of Independence (cont’d)

 The value of the test statistic 1s

>~ (04 — Ejj)?
X _>4>4 E

LY

i=1 j=1

* There are (7-1)(c-1) degrees of freedom

[R&DM °13/°14
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Summary of I1.3

* Statistical inference based on a sample from a population

 Empirical distribution function and histograms as
non-parametric estimation methods

* Method of moments and maximum likelihood as
parametric estimation methods

e Confidence intervals

* Wald test and Pearson’s y* test for hypothesis testing

[R&DM °13/°14
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Normal Distribution Table
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x* Distribution Table
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Student’s ¢ Distribution Table

K 010 005 0025 001  0.005
1| 3078 6314 12706 31821 63657
2 | 1886 2920 4303 6965 9925
3 | 1638 2353 3182 4541 584
4 | 1533 2132 2776 3747 4604
s | 1476 2015 2571 3365 4032
6 | 1440 1943 2447 3143 3.707
7 | 1415 1895 2365 2998 3499
8 | 1397 1860 2306  28% 3355
o | 1383 1833 2262 2821 3250

10 | 1372 1812 2228 2764 3.169
11 | 1363 1796 2201 2718  3.106
12 | 1356 1782 2179 2681 3055
13 | 135 1771 2160 2650 3012
14 | 1345 1761 2145 2624 2977
15 | 1341 1753 2131 2602 2947
16 | 1337 1746 2120 2583 2921
17 | 1333 1740 2110 2567 2898
18 | 1330 1734 2101 2552 2878
19 | 1328 1729 2093 2539 286l
20 | 1325 1725 2086 2528 2845
21 | 1323 1721 2080 2518 2831
2 | 1321 1717 2074 2508 2819
23 | 1319 1714 2069 2500 2807
2 | 1318 1711 2064 2492 2797
25 | 1316 1708 2060 2485 2787
26 | 1315 1706 2056 2479 2779
27 | 1314 1703 2052 2473 2771
28 | 1313 1701 2048 2467 2763
29 | 1311 169 2045 2462 2756
30 | 1310 1697 2042 2457 2750
4 | 1303 1684 2021 2423 2704
60 | 1296 1671 2000  23% 2660
120 | 1289 1658 1980 2358 2617
o | 1282 1645 1960 2326 2576
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