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The Problem

Typical data in a resolution based Theorem Prover:

c1 l1,1 . . . l1,m1

...
ci li ,1 . . . li ,j . . . li ,mi

@

@ C

= @

@ B

union A

...
cn ln,1 . . . li ,mn

In a naive implementation:

◮ a list of clauses

◮ clauses are lists of literals

◮ symbols are string values

◮ terms are values of a
recursive data structure
(appl(t1,t2),abstr(type,t1))

Frank Theiß joint work with C. Benzmüller, L. Paulson, A. Fietzke Universität des Saarlandes

Data Structures in Leo II



The Problem

Typical data in a resolution based Theorem Prover:

c1 l1,1 . . . l1,m1

...
ci li ,1 . . . li ,j . . . li ,mi

@

@ C

= @

@ B

union A

...
cn ln,1 . . . li ,mn

In a naive implementation:

◮ a list of clauses

◮ clauses are lists of literals

◮ symbols are string values

◮ terms are values of a
recursive data structure
(appl(t1,t2),abstr(type,t1))

Frank Theiß joint work with C. Benzmüller, L. Paulson, A. Fietzke Universität des Saarlandes

Data Structures in Leo II



The Problem

Typical data in a resolution based Theorem Prover:

c1 l1,1 . . . l1,m1

...
ci li ,1 . . . li ,j . . . li ,mi

@

@ C

= @

@ B

union A

...
cn ln,1 . . . li ,mn

In a naive implementation:

◮ a list of clauses

◮ clauses are lists of literals

◮ symbols are string values

◮ terms are values of a
recursive data structure
(appl(t1,t2),abstr(type,t1))

Frank Theiß joint work with C. Benzmüller, L. Paulson, A. Fietzke Universität des Saarlandes

Data Structures in Leo II



The Problem

Typical data in a resolution based Theorem Prover:

c1 l1,1 . . . l1,m1

...
ci li ,1 . . . li ,j . . . li ,mi

@

@ C

= @

@ B

union A

...
cn ln,1 . . . li ,mn

In a naive implementation:

◮ a list of clauses

◮ clauses are lists of literals

◮ symbols are string values

◮ terms are values of a
recursive data structure
(appl(t1,t2),abstr(type,t1))

Frank Theiß joint work with C. Benzmüller, L. Paulson, A. Fietzke Universität des Saarlandes

Data Structures in Leo II



The Problem

Typical data in a resolution based Theorem Prover:

c1 l1,1 . . . l1,m1

...
ci li ,1 . . . li ,j . . . li ,mi

@

@ C

= @

@ B

union A

...
cn ln,1 . . . li ,mn

In a naive implementation:

◮ a list of clauses

◮ clauses are lists of literals

◮ symbols are string values

◮ terms are values of a
recursive data structure
(appl(t1,t2),abstr(type,t1))

Frank Theiß joint work with C. Benzmüller, L. Paulson, A. Fietzke Universität des Saarlandes

Data Structures in Leo II



The Problem

Typical data in a resolution based Theorem Prover:

c1 l1,1 . . . l1,m1

...
ci li ,1 . . . li ,j . . . li ,mi

@

@ C

= @

@ B

union A

...
cn ln,1 . . . li ,mn

In a naive implementation:

◮ a list of clauses

◮ clauses as lists of literals

◮ symbols as string values

◮ terms as values of a
recursive data structure
(appl(t1,t2),abstr(type,t1))

◮ long access paths
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A Needle and Haystack Problem. . .
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. . . with an efficient Solution
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In Leo II

Terms as graphs:

c1 l1,1 . . . l1,m1

...
ci li ,1 . . . li ,j . . . li ,mi

9 : @

8 : @ 5 : C

1 := 7 : @

6 : @ 4 : B

2 : union 3 : A

...
cn ln,1 . . . li ,mn

Symbols:
Id Symbol

1 =

2 union

3 A

4 B

5 C

Applications:
Appl Func Arg

6 2 3

7 6 4

8 1 7

9 8 5

Abstractions:
Abstr Body

.

.

.

.

.

.
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Termsharing

143: ^[( $i>$o )]

142: ^[( $i>$o )]

0: !

144: disjoint

1: =

145: ^[$i]

38: @

2: setminus

146: ^[( $i>$o )]

3: x2

147: ^[( $i>$o )]

4: @
148: @

27: @

101: =>

5: x1 149: @

29: @

6: @ 150: ^[$i]

7: x0

151: @
8: @

152: ^[( $i>$o )]

9: @

153: ^[( $i>$o )]

10: @

154: subset

11: union

155: @
77: ?

123: ^[$i]
12: @

156: ^[( $i>$o )]

13: @

157: ^[( $i>$o )]

14: intersection

158: meets

15: @

159: @

36: ~

16: @

160: ^[( $i>$o )]

17: @

161: ^[( $i>$o )]

18: @

162: misses

19: ^[( $i>$o )]

163: @

118: @

126: @

20: @

164: @

21: ^[( $i>$o )]

165: ^[$o]

22: @

166: ^[$o]

23: ^[( $i>$o )]

167: @

34: &

69: x1

24: @

168: @

71: x0

25: |

169: @

26: x0

170: ^[$o]

171: ^[$o]

28: @

172: ~&

173: x3
30: @

174: @

31: ^[$i]

175: @

32: ^[( $i>$o )]

176: @

33: ^[( $i>$o )]

177: @

40: @

178: @

37: @

35: @

179: @

180: @

181: @
182: @

39: @

183: @

184: @

41: @
185: ^[$i]

42: @

186: @

43: @

187: @

44: ^[$i]

188: @

45: ^[( $i>$o )]

189: @

46: ^[( $i>$o )]

190: @
47: excl_union

191: @

48: x1

192: @

49: @

193: @

50: ^[( $i>$o )]

194: ^[$i]

51: ^[$i]

195: @

52: in

196: ^[( $i>$o )]

53: ^[$i]

197: @

54: ^[( $i>$o )]

198: ^[( $i>$o )]

55: complement

199: @

56: $false

200: ^[( $i>$o )]

57: ^[$i]

201: @

58: emptyset

202: sk1

59: @

203: sk4

60: x2

204: @

61: @

205: sk2

62: @

206: @

63: @

207: sk3

64: @

208: @

65: ^[$i]

209: @

66: ^[$i]

210: @

67: ^[$i]

211: @

68: unord_pair

212: @

213: @

70: @

214: @

215: @

72: @

216: @73: @217: @

74: ^[$o]

218: @

75: ^[$o]

219: @

76: ~|

220: @

221: @

78: x2

222: @

79: @

223: @

80: @

224: @

81: x1

225: @

82: @

226: @

83: @

227: @

84: ^[( $i>$o )]

228: @
85: @

229: @

86: @

230: @

87: ^[( ( $i>$o )>$o )]

231: @

88: ^[( ( $i>$o )>$o )]

232: @

89: disjoint2

233: @

90: ^[$i]

234: @

91: ^[$i]

235: @

92: singleton

236: @

93: x1

237: @

94: x0

238: @

95: @

239: @

96: @

240: @

97: ^[’A]

241: @

98: @

242: @

99: @

243: @

100: ^[( ’A>$o )]

244: @

245: ^[$i]

102: @

246: @

103: @

247: @

104: @

248: @

105: @

249: @

106: @

250: @

107: @

251: @

108: ^[$o]

252: @

109: ^[$o]

253: @

110: <=>

254: ^[$i]

111: @

255: @

112: @

256: sk5

113: @
257: @114: ^[$o]

258: @

115: ^[$o]

259: @

116: <~>

117: @

119: @
120: ^[$o]

121: ^[$o]

122: @

124: ^[( $i>$o )]

125: ^[( $i>$o )]

127: @

128: ^[$o]

129: ^[$o]

130: <=

131: x1

132: @

133: @
134: @

135: ^[’A]

136: ^[’A]

137: !=

138: @

139: @

140: @

141: @

In Leo II:

◮ Terms as unique instances

◮ Perfect Term Sharing

◮ Shallow data structures

Adaption to HOL:

◮ β-η-normalization

◮ DeBruijn indices

◮ local contexts for polymorphic type
variables
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14: intersection

158: meets

15: @

159: @

36: ~

16: @

160: ^[( $i>$o )]

17: @

161: ^[( $i>$o )]

18: @

162: misses

19: ^[( $i>$o )]

163: @

118: @

126: @

20: @

164: @

21: ^[( $i>$o )]

165: ^[$o]

22: @

166: ^[$o]

23: ^[( $i>$o )]

167: @

34: &

69: x1

24: @

168: @

71: x0

25: |

169: @

26: x0

170: ^[$o]

171: ^[$o]

28: @

172: ~&

173: x3
30: @

174: @

31: ^[$i]

175: @

32: ^[( $i>$o )]

176: @

33: ^[( $i>$o )]

177: @

40: @

178: @

37: @

35: @

179: @

180: @

181: @
182: @

39: @

183: @

184: @

41: @
185: ^[$i]

42: @

186: @

43: @

187: @

44: ^[$i]

188: @

45: ^[( $i>$o )]

189: @

46: ^[( $i>$o )]

190: @
47: excl_union

191: @

48: x1

192: @

49: @

193: @

50: ^[( $i>$o )]

194: ^[$i]

51: ^[$i]

195: @

52: in

196: ^[( $i>$o )]

53: ^[$i]

197: @

54: ^[( $i>$o )]

198: ^[( $i>$o )]

55: complement

199: @

56: $false

200: ^[( $i>$o )]

57: ^[$i]

201: @

58: emptyset

202: sk1

59: @

203: sk4

60: x2

204: @

61: @

205: sk2

62: @

206: @

63: @

207: sk3

64: @

208: @

65: ^[$i]

209: @

66: ^[$i]

210: @

67: ^[$i]

211: @

68: unord_pair

212: @

213: @

70: @

214: @

215: @

72: @

216: @73: @217: @

74: ^[$o]

218: @

75: ^[$o]

219: @

76: ~|

220: @

221: @

78: x2

222: @

79: @

223: @

80: @

224: @

81: x1

225: @

82: @

226: @

83: @

227: @

84: ^[( $i>$o )]

228: @
85: @

229: @

86: @

230: @

87: ^[( ( $i>$o )>$o )]

231: @

88: ^[( ( $i>$o )>$o )]

232: @

89: disjoint2

233: @

90: ^[$i]

234: @

91: ^[$i]

235: @

92: singleton

236: @

93: x1

237: @

94: x0

238: @

95: @

239: @

96: @

240: @

97: ^[’A]

241: @

98: @

242: @

99: @

243: @

100: ^[( ’A>$o )]

244: @

245: ^[$i]

102: @

246: @

103: @

247: @

104: @

248: @

105: @

249: @

106: @

250: @

107: @

251: @

108: ^[$o]

252: @

109: ^[$o]

253: @

110: <=>

254: ^[$i]

111: @

255: @

112: @

256: sk5

113: @
257: @114: ^[$o]

258: @

115: ^[$o]

259: @

116: <~>

117: @

119: @
120: ^[$o]

121: ^[$o]

122: @

124: ^[( $i>$o )]

125: ^[( $i>$o )]

127: @

128: ^[$o]

129: ^[$o]

130: <=

131: x1

132: @

133: @
134: @

135: ^[’A]

136: ^[’A]

137: !=

138: @

139: @

140: @

141: @

In Leo II:

◮ Terms as unique instances

◮ Perfect Term Sharing

◮ Shallow data structures

Adaption to HOL:

◮ β-η-normalization

◮ DeBruijn indices

◮ local contexts for polymorphic type
variables
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Results

Problem Vamp. 9.0 LEO+Vamp. LEO-II+E

014+4 114.5 2.60 0.300

017+1 1.0 5.05 0.059

066+1 – 3.73 0.029

067+1 4.6 0.10 0.040

076+1 51.3 0.97 0.031

086+1 0.1 0.01 0.028

096+1 5.9 7.29 0.033

143+3 0.1 0.31 0.034

171+3 68.6 0.38 0.030

580+3 0.0 0.23 0.078

601+3 1.6 1.18 0.089

606+3 0.1 0.27 0.033

607+3 1.2 0.26 0.036

609+3 145.2 0.49 0.039

611+3 0.3 4.00 0.125

612+3 111.9 0.46 0.030

614+3 3.7 0.41 0.060

615+3 103.9 0.47 0.035

623+3 – 2.27 0.282

624+3 3.8 3.29 0.047

630+3 0.1 0.05 0.025

640+3 1.1 0.01 0.033

646+3 84.4 0.01 0.032

647+3 98.2 0.12 0.037

Problem Vamp. 9.0 LEO+Vamp. LEO-II+E

648+3 98.2 0.12 0.037

649+3 117.5 0.25 0.037

651+3 117.5 0.09 0.029

657+3 146.6 0.01 0.028

669+3 83.1 0.20 0.041

670+3 – 0.14 0.067

671+3 214.9 0.47 0.038

672+3 – 0.23 0.034

673+3 217.1 0.47 0.042

680+3 146.3 2.38 0.035

683+3 0.3 0.27 0.053

684+3 – 3.39 0.039

716+4 – 0.40 0.033

724+4 – 1.91 0.032

741+4 – 3.70 0.042

747+4 – 1.18 0.028

752+4 – 516.00 0.086

753+4 – 1.64 0.037

764+4 0.1 0.01 0.032

Vamp. 9.0: 2.80GHz, 1GB memory, 600s time limit

LEO+Vamp.: 2.40GHz, 4GB memory, 120s time limit

LEO-II+E: 1.60GHz, 1GB memory, 60s time limit
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Springbreak

2008: Automated Theorem Proving enters the Dancefloor
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Is Automated Reasoning sexy?
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